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BBenenue

Uccnenoranue byHKIUA  sABISETCS OCHOBOTIOJIAraroIe YJaCThIO
MareMaTudyeckoro a"anmsza. [lo gaHHOMY paszeny CTYACHTbl CaMOCTOSITEIHHO
BBITIOJIHSIOT pacyeTHO-TpaduuecKyro paboTy, MOMOYb MM B OTOM HPHU3BAHBI
HACTOSIINE METOIUUECKUE YKa3aHUS.

Jlns ynoOctBa 3amucu B JalibHEWIIeM OyAeM HCIOJIb30BaTh HEKOTOPhIE 3HAKH
MareMmaTudeckoi joruku. [IpuBenem ux:

4 — cymectByet VY - moboe
3! —cymecTByeT enMHCTBEHHOE  — Takoe, YTO
A — He cymecTtByeT J° — 8 okpectHOCTH TOUKH @

IHopsiioK MOJTHOT0 UCCIeI0BAHUSA (PYHKINH

HccnenoBanne GpyHkuum 6e3 Npou3BOAHOM.
Haxoxnenue obnactu onpenenenus pynkuuu (OOD) GyHKIMH.
HccnenoBanre PyHKIIMU HA CAMMETPUYHOCTD (UETHOCTh U HEYETHOCTD ).
Ornpenenenue nepuognIHOCTH.
HaxoxneHue TOYEK NepeceyeHuss C OCSAMU U OIPENEIICHHE HWHTEPBAJIOB
3HAKOMOCTOSHCTBA (DYHKITUH.
HccnenoBanue Ha HenpepbIBHOCTh. Kiaccudukanus Touek pa3pbiBa.
Omnpenenenne acuMOTOT PYHKIMU. BelunuciaeHne BepTUKAIBHBIX U HAKIIOHHBIX
ACUMIITOT.

HccnenoBanue ¢ noMOIIbIO IEPBOM NPOU3BOHOM.
Brruuciienue nepBoit mporu3BOIHOM.
HaxoneHue KpuTH4eCKuX TOYEK IEPBOTO POJA.
OmnpeneneHne HHTEPBAIOB BO3pACTaHUS U YObIBaHUS (PYHKIIUU.
Haxoxnenue Touek skcTpemyma.

HccnenoBanue ¢ noMOIbI0 BTOPOH NPOU3BOAHOM
Brruuciienue BTOpor MpOU3BOJHOM.
HaxoxneHue KpuTH4eCKux TOYEeK BTOPOro poja.
OnpeneneHne HHTEPBAIOB BBIITYKIOCTH U BOTHYTOCTH (DYHKIIHH.
Haxosxaenue Touek neperuoda.

IMocTpoenue rpadpuka pyHKUMH 110 UCCJIACTOBAHUIO U XaPAKTEPHbIM TOYKAM

[Toapo6HO paccMOTPUM KaXK]IbIH U3 MYHKTOB MPUBEICHHON CXEMBI.



HUccaenoanue pyHkuuu 0e3 npou3BoOAHOM

1. Haxoxaenue obsactu onpeneneHus (OO®) pynkuun

Onpepenenune. O6nacteio onpeneneHust (OOD) ¢pynkuumu y = f(x) Ha3bIBaeTcA

MHOECTBO 3HAYEHUI MEPEMEHHOM X, Il KOTOPBIX CYLIECTBYIOT COOTBETCTBYIOIIHE
3HAYCHMUS ).

Jis  HaxoxJaeHus  00JlacTh  OmpefeeHuss  dAJIeMEeHTapHOH  GyHKUUU
HEOOXOIUMO  PACCMOTPETh  YCIOBUE  CYIIECTBOBAHMS  KaXJAOW  OCHOBHOM
aJieMeHTapHON (yHKIMM, BXxondmed B JaHHyr (yHkiuio. O6mum OOD Oyner
nepecedyeHue Bcex yactoix OOD.

Ecnu ¢ynkuus coctaBHas (T.e. COCTOUT W3 HECKOJBKUX 3JIEMEHTAPHBIX
GbyHKUMHA, Kaxaas U3 KOTOPBIX OINpejelieHa Ha CBOEM HMHTEpBaJie), TO HYKHO Ha
KaxaoM uHTepBasie onpenenutb OO®d s cooTBeTcTByIONEH (YHKIIMH, a TOCIHE
B35Th OOBbEAMHEHHE MOJydeHHbIX YacTHhIX OO®. B npyrux ciydasx HE0OOXOAUMO

UCXOJUTH U3 ONpeecHus (OYHKITUH.
V6 —3x

In x°
Pemenne. PaccMoTpuM Bce OCHOBHBIE JJIeMEHTapHble (YHKIIMH, BXOISIINE B
TAHHYIO0 (PYHKIIUIO.

2 [Ipumep 1. Haiitu OOD dyHkiuu y =

D u:uzo; 6-3x20; [x<2 (r<2:
1

2) —:1v£0;; = <Inx*#20; X £ {x#x]
A%

3) Inw: w>0 X2 >0. x#0. x#0.

CJICJ:[OBaTeJIBHO, 00J1aCTBIO OIIpCACICHUA 6YI[CT 06’BCI[I/IHCHI/IC HHTCPBAJIOB:
(—o0; —1)U(=1;0)U(0; 1) u(L; 2].

2

X, x<-=3;
90 [pumep 2. Haittu OO®D cocraBHOM HyHKIMH Y =4 Ctg X, -3<x<];
arccos x/ 2, x>1.

Pemenune. Ha Ka>XI0OM M3 MHTCPBAJIOB, I'IC 3a/IdHbI q)yHKI_II/II/I, OonpcaAciInM YCIIOBUA
HUX CYIICCTBOBAHUSA

1) (—o0; —=3).  x?: orpaHHYCHMI HET =  xe(-o; -3).

2) [-3; 1). ctgx: x#0 =  xe[-3 0)u(0;1).
-1<x/2<1

3) (1, +). arccosx/2: | = xe(l; 2]
x>

OO6benMHMB BCe MOTyUYeHHbIE HHTEpBabl, ToayduM OOD nucxoaHoN QyHKIUH:
(=005 0) L (0; T)L(1; 2].



2. UccaenoBanue GyHKIIMHA HA CHMMETPUYHOCTD (4€THOCTH M HEYETHOCTD)

Onpenenenue. DyHkiusa Ha3piBaeTCa YeTHOH, ecu 111 V x € OOD f(—x) = f(x).
OyHKIMS Ha3bIBaeTCsl HeUeTHOH, eciu st V x € O0OD f(—x)=—f(x).

I'paduix yeTHON (PYyHKIMKM CUMMETPUYEH OTHOCHUTENbHO ocu (Ox, HEUETHOH -
OTHOCHUTEJIBHO Hayana KoopAauHaT. DyHKUIWH, HE SBISIOIIHAECS HU YETHBIMHU, HHU
HEYETHBIMHU, HA3bIBAIOTCS (QYHKUMUSIMU oOuiero Buaa. i cMMMETpUYHBIX ()YHKIHMA
001acTh onpeaeneHus A0KHA ObITh CAMMETPUYHON OTHOCUTENIBHO Hayasla OTCUYETA.

Hanpumep,  ¢ymkums  y=~/x"+1 - deTHas, T.K. I BCeX X
y(=x) = \/(—x)z +1=x/x> +1= y(x). I'padux npuseaex Ha puc. 1.
y

1.5
1.4
1.3
1.2

1.1

Puc. 1

DOyHKIUA y= J16x SIBIIICTCSI HCUYCTHOM, T.K. TS BCEX X

y(=x) = 15/16(—x) =3/16x = —y(x). I'paduk npusenen Ha puc. 2.
y
2

Puc. 2



3. OnpeaesieHne NEPUOANIYHOCTH

Onpenenenune. Oynkius y = f(x) Ha3bBaeTCA MEPUOIUICCKOMN, €CIU CYIIECTBYET
TaKoe MOJIOXKUTENIbHOE yuciao S, uro 1 Vx € OOD f(x+ S)= f(x). Haumensiee
u3 yricen S HasbIBaeTcs nepuojoM pyHkiuu, T.€. T =min S .

OTMCTI/IM, 4dTO H3 OCHOBHBIX 3JICMCHTAPHBIX (I)YHKI_II/Iﬁ NNEPUOANICCKHUMHU
ABJAOTCA TOJBKO TPHUTOHOMCETPHUYCCKHUC, U B CIyddC MNMCPHUOANMYHOCTH AOCTATOYHO
HCCIICAOBATD (I)YHKI_II/IIO Ha IICpuoac, a rmocjic I[Y6J'II/Ip0BaTB cc.

4. Haxo:xkneHue TOYeK MNepecevyeHHs € OCSIMH U oOnpeaejieHHe HHTEPBAJIOB
3HAKOIOCTOAHCTBA QYHKIIMU.

Touka H(0; y(0)) sBusieTcss TOUKOM mepeceueHus ¢ ocbto Oy. A nand
HAXOXIEHUSI TOYEK IepecedeHusi ¢ ocblo (Ox HEoOXOAMMO PEIIMTh YpaBHEHUE
y(x)=0 (t.e. Haiitn Hynu Qyukiun). Hynu @ynkuuun genst OO®D Ha mHTEpBaIbI
3HAKOMOCTOSHCTBAa (DYHKIIMHU, a 3HAaK OINpeJeNsieTcss MyTeM MOJCTAaHOBKU JII0OOT0
qucia U3 pacCMaTpUBaeMOIo UHTEpBaJa.

5. UccnenoBanue Ha HenpepbIiBHOCTh. Kilaccudgukanus Touek pa3pbiBa

Onpepenenne. Oynkuusa y = f(x) Ha3bIBAECTCS HENPEPHIBHOW B TOUKE X = X,,, €CIIH
OHa OIpEJIENIEHa B HEKOTOPON OKPECTHOCTH 3TOW TOUYKH U

lim f(0)= lim /()= f(x,) (1)

Omnpenenenue. DyHkuus y = f(x) Ha3pIBaeTCA HEMPEPHIBHON Ha OTpE3Ke [a; b],
€CJIM OHa HEMpEephIBHA B KAXIOW TOYKE MHTEpBaja (a; b)n HeTpephiBHA CIIpaBa B

TOYKE X =a M CJIEBA B TOUKE X =b.

Omnpepenenne. Touka x=x, Ha3pBaeTCA TOYKOW pas3pbpiBa QyHKIMH Y= f(X),

ectu  GyHKOHMS OMNpelesieHa B HEKOTOPOW OKPECTHOCTH OTOM TOYKH, W HE
BBITIOJIHAETCS YCIIOBUE HEPEPHIBHOCTU B JAHHOW TOYKE.

Teopema. JlroOas »diemeHTapHas (QYHKIMS  HENpepbiBHA TaM, TJ¢ OHa
cymectByeT (T.e. Ha OOD).

B ciydae asnemeHTapHBIX (QYHKIHHA OyJIeM HMMETh JOCTATOYHO IMPOCTOH aJTOPUTM
uccie0BaHus (DYHKIIMM Ha HEMPEPHIBHOCTh U HAXOXKJICHHS TOYCK pa3pbiBa: TOUYKH
pa3pbiBa MOTYT OBITh TOJIBKO B TPAHUYHBIX TOYKAX 00JIACTH OINpeeacHUS (YHKITUH,
IpyuYeM B TeX TOYKaX, Ile (YHKIHMS HE CYIIECTBYET. A B Cjlydae COCTaBHBIX
(GYHKINN TI0I03PUTEIBHBIME SIBJISFOTCS TAKXKE M TOYKH CTHIKOBOK €€ 3JIEMEHTAPHBIX
gacTei. B 3TUX TOYkKaX HEOOXOAMMO BBIYHMCINTH OJHOCTOPOHHUE MPEICbl IS
BBISICHEHUS HAJTUYHsI pa3pbiBa U OTPEICICHUS €ro TUIIA.



OnpeueﬂeHne. Touxka pa3pbeiBa X =X, SBJCTCA TOYKOM paspniBa I poaa, €Clin

OJIHOCTOPOHHHME Tpe/esibl B JBOWHOM paBeHCTBe (1) CyHmIECTBYIOT M KOHEYHBI.
IIppyueM TOYKa pa3pblBa Ha3bIBAETCS YCTPAaHMMOW TOYKOW pa3pbiBa, €CIH
OJIHOCTOPOHHHE MPEAEINIbl PaBHbI MEXIY COOOW, U HEyCTPAaHUMOM, €CIU pPa3IUYHbL.
Touka paspsiBa x =X, sABiseTcsa Todkod paspsiBa Il poma, eciu xoTs Obl OOMH U3

OJHOCTOPOHHUX IPCACIIOB PAaBCH OECKOHEUYHOCTH MJIH HE CymicCTBYCT.

9o [Ipumep 3. MccienoBaTh Ha HEMPEPHIBHOCTh (PYHKIIUIO ) =

sin x

-
x —2x

Pemenue. Haiinem OO® ¢dyHKkuMH, ABIAIONICICS 3IEMEHTapHOM:

5 x#0;
x-2x#20&
x # 2.

& xe(—; 0)U(0;2)U(2; +x).

Touku x =0, x =2 gBisioTCA rpaHnuHbIMU ToukamMu OO®D, B HUX HE CYHIECTBYET

GbyHKUHMSA, CJEA0BATENbHO,

OHM ABJIOTCA  TOYKAMHM  pa3pbiBa. Breruucium

OIHOCTOPOHHHUEC IMPCACIIbI OT (1)YHK]_II/II/I B Ka)KI[Oﬁ U3 9THUX TOYCK.

x=0:
sin x
lim y(x) =Ilim
2
x—0- x—0 X _2x
x<0
) ) sin x
lim y(x) = hmz— =
x—0+ x—0 X _2x

x>0

0 . sinx 1 1 1
— |=1lim : =l-—=——;
0] 20 x x-2 -2 2
(0] .. sinx 1 1 1
— |=1lim . =]l —=——.
0 =0y x—=2 -2 2

OI[HOCTOpOHHI/IC HpeI[CJIBI KOHCYHBI U paBHBI MC}KI[y CO60ﬁ, SHA4YUT, X = 0 — TOYKa
paspeiBa | pona, yctpanumasi. 3T0 03Ha4aeT, 4TO, BUAOU3MEHUB (DYHKIIUIO B OJTHOM
TOouke (B JAHHOM Cily4ae J0OnpenenuB ee B Touke x =0), MOIy4yuM HENPEPHIBHYIO
sin x

Gynkuuio. OyHKIMA y =1 x° —2x

x#0; .
SIBJIICTCS HETPEPBIBHOW B TOYKE

-1/2, x=0.

x=0.

x=2:

lim y(x) = lim——— = sin 2
¥2- 2x=2x | -0
lim y(x) = lim—— = sin 2
Y2t W2 x"=2x | 40

x>2

[Ipenensl OeckOHEUHBI, Cle0BaTEeNIbHO, X =2 — To4Ka pa3psiBa Il pona.
[loBenenue GyHKIMU OKOJIO TOUEK pa3pbiBa MOKa3aHO Ha puc. 3.
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Puc. 3
2 [Ipumep 4. VccnenoBaTh Ha HEIPEPHIBHOCTD (PYHKIIHIO
x’, x < -1
y=9Xx+2, -1<x<0;
cosl/x, x> 0.

Pemenue. O0nacThio onpeaeneHus OyAeT BCA YUCIOBas OCh, T.K. BCE dJIEMEHTapHbIE
(GyHKUMH, COCTaBISIOMNE (YHKIHMIO, ONpeeieHbl Ha MHTepBaliax uUX 3aaanus. U
MHTEPBAJIbl MOJHOCTHIO MOKPHIBAIOT YUCIOBYIO OChb. [10103pUTENBHBIMU Ha pa3phbiB
OyayT TOUKH CThIKOBKU X =—1, x =0. Hccrnenyem ux.
x=-1:
lim y(x)=lim x* =1; lim y(x)=lim (x + 2) =1; y(-)=-1+2=1.
x—>-1- x—>-1 x—=>=1+ x—>-1

x<-1 x>-1
OyHKIMS B JAaHHOM TOYKE HENpPEephiBHA, IOTOMY YTO BBINOJIHEHO YCIOBUE
HernpepbIBHOCTH (1).
x=0:

x—>0+
x<0 x>0

lim y(x) = £1_r)13(x +2)=2; lim y(x)= }Ciilgcos% = [cos%} = [cos(+oo)} - A

T.x. mpenen crpaBa He cyliecTByeT, Touka x =0 sBiserca Toukoil pa3peiBa II pona
(puc.4).

=

Puc. 4



6. Onpenesienne acuMnToOT PyHKIUU. BblunciieHHe BePTHKAJIBHBIX H
HAKJIOHHBIX ACUMIITOT

Omnpenenenune. AcCUMITOTON Ha3bIBAETCA MpsMasg, K KOTOPOW HEOIPAHUYEHHO
npubaMxKaeTcs Touka Ha rpaduke PYHKIIUU IPU €€ YAAICHUH B 0ECKOHEYHOCTb.

[lo cnocoby BbluucieHuss W ¢GopMe  MPEACTaBICHUS  ACUMIITOTHI
MOAPA3AEIAIOTCS Ha BEPTUKAIbHBIE M HAKIOHHBIE. YAaCTHBIM CIIydyaeM HaKJIOHHBIX
ACHUMIITOT SIBJISIIOTCSI TOPU30HTAJIbHBIE.

W3 ompenencHus cienyer, 4YTO IpsAMas X =X, SBISCTCS BEPTUKAJIBHON

acuMnToTor PyHkimu y = f(x), ecnu XoTst Obl OJIMH U3 OJHOCTOPOHHUX IPECIIOB
IpU CTPEMIICHUU MIEPEMEHHOM X K X, CTpeMHUTCs K OeckoHeyHocTH: lim f(x)=o0

X—x,—

win  lim f(x) =o00. 3HaYUT, BEpPTUKAIbHBIE ACUMITOTHl MOTYT HPOXOJUTH TOJBKO

XX, +
4epe3 TOUYKHU pa3pbiBa BTOPOIro poaa, MO3TOMY MOPAAOK HAXOKICHUA BCPTHKAJIBHBIX
ACUMIITOT HACHTHYCH aJITOPUTMY IIOHMCKAa TOYCK pPa3pbiBa: HAXOIUM OOCD,
BBIYUCIISICM B TPAHWYHBIX TOYKAX 00D OJHOCTOPOHHHUC MPCACIIbI, H B 3aBUCUMOCTHU
OT UX 3HAYCHHUM A€JIa€M BBIBOHBI.

90 [Ipumep 5. Hailtu BepTUKaIbHBIE ACUMITOTH PYHKIUN Y = =

In x
Pemenne. Boraucanm o6nacTs onpeieaeHus GyHKINH:
Inx* #0; 2£1; x#*l;
P AN = x e (—o0; —1)U (=1 0)U(0; 1) U(L; +o).
x*>0. x #0. x#0.

I'pannunbiMu  Toukamu OO  gBusitorca  x=-—1, x=0, x=1. Bpuucaum
OJTHOCTOPOHHUE MPEJICIIbl B 3TUX TOUKAX.

x=-1:

1 1 1 1 1
lim y(x)=lim = =|—|=+400; lim y(x)=lim =| — |=—o.
x—>—1—y() - lnx® | In(1+0) +0 x—>—1+y() nx® [ =0

CrnenoBarenbHO, TOUKa x =—1 sBIsAeTCsS TOUKOM paspeiBa Il pona, u npsamas x =—1

SIBJIICTCS BEPTUKAIBHOW aCUMITTOTOW (PYHKITUH.
x=0:

. ) 1 1 1 ) ) 1 1
lim y(x) =lim—— = = =0; lim y(x)=Iim =|—|=0.
2
x—0— x=0 In x ln(+0) —o0 x—0+ x=0 In x —o0
x<0 x>0
3Han/IT, TOYKaA X = 0 SIBJIIACTCS YCTpaHI/IMOﬁ TOqKOﬁ paBpBIBa )| pOI[a, U 34CCh HECT
BepTI/IKaJIBHOﬁ ACHUMIITOTHEI.




x=1:

1 1 1 1 1
lim y(x)=lim = =|— |=-o0; lim y(x)=Ilim —
x—>1—y( ) =1 In x° ln(l —O) -0 X1+ () =1 In x> | +0

= +00,

Touka x=1 sBugercs Toukoil paspeiBa Il poma m mnpsamas x=1 sBusgercs
BEPTUKAILHON acuMNTOTON (QyHKIMH (pHC. 5).

A
Y 5
0] i .
a1
Puc. 5

Ecnu cymiecTByeT HakjJIOHHAas aCUMITOTAa, TO €€ MOXKHO 3aJaTh C IIOMOILBIO
ypaBHeHHs] Y =kx+b, TpH 3TOM, €Ciu TOYKa Ha rpaduke QyHKIMHU yIanseTcs B

6CCKOHCLIHOCTB, TO 3HAYCHHC HepeMeHHOﬁ X HOOJDKHO CTPECMHUTHCA IMbo K +oo
abo0 K —oo. B 3aBUCHMMOCTHM OT 3HaKa OCCKOHECYHOCTH MMOJIYy4YUM 00 IMpaBy1o,
00 JICBYIO HAKJIOHHBIC ACHUMIITOTHI. HapaMeTpLI kub BBIYUCISAIOTCS OTACJIIBHO

JUTSL TIPaBOM U JIEBOM aCUMIITOT IO CJIEAYIOIUM (hopMynam:

X —> —00: X — +00;

lim L=k ; lim £ =k,;

X=>=0 X x>+ x
lirll(y—k_-x)zb_. lim (y—k, -x)=b,.

AcuMmnToTa 6YIICT CymeCTBOBATb TOJIBKO IIPpU KOHCYHBLIX IPCACIIbHBIX 3HAYCHHUAX
kwub . YacTHBIM ciaydacm HAKJIOHHOM aCHUMIITOTBI SIBJISICTCS TOPHU30OHTAJIbHAA

ACUMIITOTA, KOTOPAsl MOTYyYaETCs MIPU PaBEHCTBE HYJIO YIIIOBOTO KoddduireHTa k.

5o Mpumep 6. Haiitu acumntoTsl yHKImu y =+/x° +4x +8.

Pemenue. Boruucnum o6nacts onpeaeneHust GyHKIUU:

x*+4x+8>0; D=16-4-8<0 = xeR.

T.x. paccmaTpuBaemas (GyHKIMs dJEMEHTApHAas U OMNpEJesieHa Ha BCEW YHCIOBOM
OCH, 3TO 3HA4YMUT, 4YTO HCT TOYCK pasmea, CJICAOBATCJIbHO, HCT H BepTI/IKaJIBHBIX

ACHUMIITOT.
OHpCIICJII/IM HAKJIOHHBIC aCUMIITOTHI:



X —> +00:

Jx? +4x+8 o \/x2(1+4/x+8/x2)
[ }z lim

_ ‘x‘\/l+4/x+8/x2
X—>+0 X X—>+00 X

lim =
X—>+00 x

o0

= lim1+4/x+8/x =1=k,;

X—>+00

2 2
lim(\/x2+4x+8—x):[oo—oo]:lim X +Ax+8-x :[f}:
o e x? +4x+8+x L®

=2=b

+°

_ )((4+8/x)
= lim
x_)+wx(\/l+4/x+8/x2+1)

Takum 00pa3oM, MoyYrM ypaBHEHUE MPABOM aCUMITOTHL: J =X+ 2.
AHaTOTMYHO BBIYUCIUM JIEBYIO ACUMIITOTY.

X —> —0:

. NX +4x+38 [oo} _ \/x2(1+4/x+8/x2) _ ‘x‘\/1+4/x+8/x2
lim =|— |= lim = lim =
X—>—00 X o0 X——00 X xX—>—00 X

= liml1+4/x+8/x =—1=k ;

X—>—0

2 2
lim(\/x2+4x+8+x):[oo—oo]:lim X +ax+8-x :[f}:

~ lim x(4+8/x) — lim )((4+8/x) o

(4 xr 8 —x) T (Vi rx 481 1) )
VYpaBHEHUE JIEBOM aCUMNTOTHL: ) =—X — 2.

Ha puc. 6 IMPUBCACHO ITOBCIACHUC Fpa(l)I/IKa OKOJIO aCHUMIITOT. KOHC‘IHO, Haao
YUCCTh, UYTO HCYUCPIILIBAIOIIYIO I/IH(I)OpMaI_II/IIO O IIOBCACHHNU Q)YHKLII/II/I OKOJIO
ACHUMIITOT MOKHO ITOJYYUTDb TOJBKO ITOCJIC ITOJIHOT'O UCCICIJOBAHUNA q)YHK]_II/II/I

A t
N 7
N 7
\ ”
\ ,
\ .
\ ’
. .
. ’
N ,
N ’
. ,
.

1

)
o

= v

Puc. 6

10



HccaenoBanmne PyHKUUHU ¢ MOMOUIbIO IIEPBOM MPOU3BOIHOM

HpI/IBCJICM OCHOBHBIC TCOPCMBI, HCO6XOI[I/IMBIC HJI1 UCCIICAOBAaHUA q)YHKHI/II/I

Onpepesenne. Touka x = x, Ha3bIBAETCS TOUKOH JIOKAJIbHOTO MUHUMYMa (DYHKIMU
y=f(x), ecnmu CymecTByeT HEKOTOpas OKPECTHOCTh ATOH TOYKH, TJae (YHKIUS

oIpenesieHa, U JUis 00O TOUKHM X M3 3TOr0 MHTEpBaa 3HaueHue QyHKIUHU OoJblIe
4yeM 3HaueHUe (yHKIMU B TOUke X, . Touka x =X, SBIAETCS TOYKOW JIOKAJIBHOTO

MakcumyMa, eciii JU . :VxeU x)< f(x,,). Toukn MakcuMyMa 1 MUHHUMYyMa
y Xpr Xy M y y

Ha3bIBAIOTCA TOYKAMU DKCTPpEMYyMaA.

Onpepenenune. @Dynkuus y = f(x) Ha3bpIBaeTCs BO3pacTalolleld HAa WHTEpBale
(a; b), ecnu OOJbIIeMYy 3HAYEHUIO apryMeHTa COOTBETCTBYET OOJblliee 3HAYEHUE

¢ynkuu. Haobopor, yObiBatomiei, eciau Oo0jbllIeMy 3HAYEHHMIO apryMeHTa
COOTBETCTBYET MEHbIIIEE 3HaUYeHUE (YHKIIHUH.

Teopema. Ecnu npousBonHas ¢yHKIUU Y = f(X) TOJOXKUTEIbHA HA HUHTEpPBAJC
(a; b), TO (yHKIMS BO3pacTaeT Ha 3TOM HMHTEpBalie, €CIM OTpULATEIbHA, TO

yOBIBaeT.

Onpepesenne. Touka x =x, Ha3bIBAETCS KPUTHUECKOM TOYKOI mepBOro poja Juis
byakuun y = f(x), ecnu B 3TOM TOouke mpousBojHas nubOo paBHa (0, nubO He

CymieCTBYCT, a q)YHKLII/ISI HCIIPCPBIBHA. KpI/ITI/I‘IeCKI/Ie TOYKH IICPBOTO poada ABIIAIOTCA
TOYKaMHU, ITIOJO3PUTCIIBHBIMU HAa 39KCTPCMYM.

Teopema (1ocTaToO4HOE YCJIOBHE CYIIeCTBOBAaHMSI JKcTpemyma). Kpuruyeckas
TOYKA IIEPBOTO POJA SBJIAETCS TOUYKOM DKCTpEMyMa, €CIIM IIPU IMEPEX0Je Yepe3 Hee
IIPOU3BOJHAs MEHSET 3HAK, IPUYEM, TOUYKOW MAKCHUMyMa, €CJIIM C «+» Ha «-», U
MHUHHMYMa, €CJIM C «-» Ha «t».

CnenoBatenbHO, IJIs HAXOXJACHUS MHTEPBAJIOB BO3pAacTaHUsl U yObIBaHUS, U TOYEK
skcTpemMyma HeoOxoauMo 3Hath OO®, HaWTH TOYKH pa3pbiBa, OINPEACIUTD
KPUTUYECKHE TOYKH MEPBOro ponaa. KpuTuyeckwe TOUKM MEPBOrO0 poja U TOUYKH
paspeiBa genar OO Ha WHTEpBaibl 3HAKOMOCTOSHCTBA MPOU3BOJHON (DYHKIIUH.
OnpenenuB 3HaK NPOU3BOJHOM Ha IIOJYYEHHBIX HHTEpBaNaX, MOKHO CJHIENATh
BBIBOJIBI O TOYKAX SKCTPEMYMa U MHTEpBaIax BO3pacTaHus U YObIBAHMUS.

Omnpenenenue. Kputnueckas Touyka MEpPBOTO pPojJia SBISIETCS TOYKOW H3JIOMa
byskuu  y= f(x), ecam B OTOH TOYKE TMPOU3BOJHAS TEPIUT pa3phiB (3a

HUCKIIIOUCHUCM ClIyHdad OECKOHEUHBIX OJHOCTOPOHHHUX IMPOU3BOAHBIX OJHOTO 3Ha1<a).
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> Ilpumep 7. MHccnegoBaTh ¢ MOMOIIBIO MEPBOW MPOU3BOJHOM (DYHKIMIO
3/.2
y=4x"—4x.

Pemenune. O6nacteio onpenenaeHus: TaHHOW 3JIeMEHTapHOW (YHKIMM SIBISETCS BCS
YHCIIOBasA OCh, T.K. KyOMUEeCKUN KOpeHb He TpeOyeT HMKAKUX OrpaHuyeHuil: x € R.

, 2x—4
Bbruncium npou3BogHyo: y' = — ——m—=——.
5 2
3 (x - 4x)
1 2x—4
[lpupaBHSEM MNPOW3BOAHYID K  HYIIIO: I 0=>x=2€000.
3 (x2 - 4x)
CrnenoBaTenbHO, TOYKA X = 2 - KpUTHYECKAs TOYKA IEPBOTO POJIa.
Hannem TOYKH, rae MIPOU3BOIHAS HE CYLLECTBYET.
, ) 2 X = 0;
Ay 3 (x - 4x) =0= 4 Ot touku npuHajiexkar OO®, 3HAYUT, OHU
x=4.

ABJISIIOTCS. KpUTUYECKUMU TOYKaMH TIEPBOTO POJA.
3nech ydTeHO, (PYHKIUS B 3TUX TOYKAaX HENpepbhIBHA, T.K. OHA dBJEMEHTapHa U
onpeneneHa B HUX. HaHecem Ha yucioByto ocb OO®, KpUTHYECKHE TOYKHA NIEPBOTO
poJia, onpeeauM 3HaK MPOU3BOIHON HA MOTYYUBLINXCS MHTEpBasax (puc. 7).

'@ - - R

f(x)\o \2/4/x

»
|

Puc. 7

Touku x = O, X =4 He SABIAIOTCS TOYKAMU 9KCTpEMyMaA, T.K. B HUX IIPOU3BOJHAA HC

MEHSET 3HaK. A Touyka X =2 €CThb TOUKa MHUHUMYMA, IIOTOMY 4YTO B HEH Y6BIBaIOI_Ha$I
qacCTb I‘pa(l)I/IKa CMCHJCTCA Ha BO3PACTAIOIIYIO. I[JIH 3aBCPUICHUSA HUCCICIOBAHUA

BEIYHMCINM 3HaueHHe (YHKIMH B TOUKe MUHUMyMa: y(2)=/2> —4-2 =3/-4 = 4.

I'padux ¢pyHKUIMU TPpUBEEH HA pHC. §.
y

Puc. 8
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9> Ilpumep 8. lVccinenoBaTh ¢ MNOMOUIBIO MEPBOM MPOM3BOJHOM (DYHKIMIO
—6x—x" -8, x<-2;
y=9Xx+2, -2<x<0;

\/;, x>0.

Pemenne. O6sacThio onpenesicHUs TaHHOW (DYHKIIUU SIBJISETCS BCS YHCIIOBAs OCh,
T.K. BCE DJIEMEHTapHbIe (DYHKIIUU OMPENEIICHBI TaM, TJe OHU 3aJlaHbl, a UHTEPBAJIbI
MOJTHOCTBIO TEPEKPHIBAIOT BCIO YHUCIOBYHO OCh: X € R. Wccinenyem dyHKIMIO Ha
HEMPEPHIBHOCTD, MOI03PUTEIBLHBIMU SIBIISIIOTCS TOYKHA CTBIKOBKA X =—2, x=0.

x=-2:
lim y(x)= 1i1r12(—6x -x*=8)=0; ling y(x)= limz(x +2)=0; y(-2)=0.

X—>-2—
x<-2 x>=2

B sT0i1 TOuKe QyHKIIMS HENpEephIBHA.
x=0:

lim y(x) =lim(x +2)=2; lim y(x)=lim+x =0.
x—0- x—0 x—0+ x—0
x<0 x>0
OJIHOCTOpOHHI/IC npeaciibl  KOHCYHBI, HO pPa3JIM4YHbI, CJICAO0BATCIILHO, x=0-
HCYCTpaHHUMaA TOYKaA pa3pbiBad IICPBOT'O poaa.

—-6—-2x, x<-2;
BeraucianM npou3Boanyo0: ' =<1, —-2<x<0;
1/24x, x>0

OnpenenuM KpUTUYECKHE TOUKH MEPBOrO Poa:

y'=0: —6-2x=0=>x=-3;

Ay x=-2; x=0.

Ho Ttouka x=0 sBasercs TOUYKOW pa3pbiBa, 3HAYUT, KPUTUYECKUMU TOUYKAMHU
IIEPBOI0 poOJa SIBISAIOTCS TOYKM X =—3, X =—2. HaHecem Ha uncioByro ocs OO,

KpUTUYECKHE TOYKU U TOYKHU pa3pbiBa (puc. 9), u onpeneauM 3HaK IpOU3BOJIHON HA
Ka>XJIOM U3 UHTEPBAJIOB.

Lf:?;;"‘\;r\\\\\/////’::\\\\\v/////’i;j\\\\\y////////—————__

| >

W s N S oo S

Puc. 9

Touka x =-3 sBHsSETCS TOYKOH JIOKATHHOTO MakCHMyMa, a TO4ka X =—2-
nokanbHOro Muaumyma. y(=3)=1; y(-2)=0.
I'padux dbynkuuu npusenex Ha puc. 10.
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v

Puc. 10

Haxo:x1enue Han00JIbIIET0 M HAMMEHbIIET 0 3HAYeHU QYHKIIMU HA OTPe3Ke
[lycte pynkumst y = f(x) omnpenaeneHa W HENMpepbIBHA Ha OTPE3Ke [a; b].

Torma ¢yHKIMS Ha 5TOM OTpe3Ke NMPUHUMAET CBOM HAMOOJIbIIEE M HAUMEHBIIIEE

3HAYCHUS. DTH 3HAUCHMUs] MOTYT NMPUHHUMATHCA JMOO HA KOHIIAX OTpe3Ka, JUOO BO

BHYTPEHHUX TOYKax WHTEpBajga, KOTOpPHIC, CJIEAOBATEIbHO, OYAYT SIBISATHCS

KPUTUYECKUMH TOYKaMHM MepBoro poaa. OTCloAa MoJiydaeM aJrOPUTM HAXOXKJICHUS

HauOOJIBIIETO ¥ HAUMEHBIIIET0 3HAUCHUN (DYHKIIUU HA OTPE3Ke:

- yOeIUThCsA, 4YTO Ha paccMaTpuBaeMOM OTpe3ke QYHKIUS oOIpeaeieHa Hu

HEMPEPHIBHA;

- HaWTH KPUTHUYECKUE TOUYKH MEPBOTO POJIA, MPUHAJIEKAIINE TAHHOMY UHTEPBAILY;

- BBIUMCIUTH 3HAUYCHUS (YHKIMU B ITUX KPUTUUYECKUX TOUKAX M HA KOHIAX

MHTEpBAJA;

- W3 BBIYMCJICHHBIX 3HAYCHUN BHIOpATh HAMOOJbIIIEe U HAMMEHBIIIEE 3HAUCHUS.

s IMpumep 9. Bprumcnute Hambonbllee W HAUMEHBIIEE 3HAUCHHS (YHKIHHU
y = arctg’ (\/x2 +5 —3) na orpeske [—1; 3].

Pemenue. Vccnenyemass pyHKIMS onpejeseHa Ha JAaHHOM OTpPE3KE M HeIpepbiBHA
Ha HEM, T.K. ABJISIETCS 3JIeMeHTapHOW. Halimem kpuThueckue TOUKM MEPBOro poja,
MPUHAJICKAIINE UHTEPBATY. BhIUMCINM NEPBYIO MPOU3BOHYIO.

1
y'=3arctg2( x2+5—3)- —- 2x .
\/x2+5—3) 11 VxS

[IpupaBHseM IPOU3BOIHYIO HYJIIO.

X =-2;
arct 2(\/x2+5—3)=0; 2,5 30 | Jy2i5-1 ’

y!:(): g PN x +5-3 0,<:> x +5 3,<:> x:2;
x=0. x=0. x=0. =0
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Ho, Touka x =-2 He NpUHAMICKUT pacCMaTpUBaeMOMYy UHTepBaiy. [IpousBogHas
GbyHKUMA Ha OTpe3Ke [—l; 3] omnpezaeseHa BCIOJy, CJIEeI0BaTEIbHO, KPUTHYECKUMHU

TOYKaMH TIEPBOTO PoOJia M3 JTaHHOTO OTpe3ka OyayT Touku x =0; x =2. Berauciaum
3Ha4YeHUS (PYHKIIMU HA KOHIIAX OTPE3Ka U B KPUTHUECKUX TOUKAX:

y(-1) = arctg’ (\/E — 3);

¥(0) = arctg’ (\/g — 3);

y(2) = arctg’ (0) = 0;

¥(3) = arctg’ (\/ﬁ — 3).

YuuThIBast, uTo (PYHKIMS Y = arctg’ z - BO3pacTaIolIas, MOIyduM

min y(x) = aretg’ (V5 - 3) = y(0),

[m]_aic] y(x) = arctg’ (\/ﬁ - 3) =(3).
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HUccaenoBanne pyHKUUNA ¢ MOMOUIbIO BTOPOl MPOU3BOAHOM

Onpepenenune. OyHkius y = f(x) Ha3bIBaeTCs BBINYKIOW HAa MHTEpBaJe (a; b),

€ClIM ee IrpaduK JICKUT HUXKE 1000 KacaTelbHOU, MPOBEAECHHON K KPUBOl B JIT0OOM
TOYKE Ha JJAHHOM WHTEpBaje, BOTHYTOM, €CIIHA BBILIIE.

Teopema. Eciu BTopas npousBojgHas (PyHKIUH y = f(Xx) TOJOXKUTEIbHA Ha
WHTEpBaJIe (a; b) , TO (DYHKITUSI BOTHYTa Ha 9TOM WHTEpBaJie, €CJIM OTpUIlaTEIbHA, TO

BBIITYKJIA.

Omnpenenenne. Touka x=x, Ha3plBacTCA TOYKOM meperudba GpyHkumu y = f(x),

€CIM OHA OTHENsAeT BBINYKIYI0 4YacTh rpaduka OT BOTHYTOM, WU B O3TOM TOUke
CYILIECTBYET KacareiabHas K rpaduky QyHKIIUH.

Onpepesenne. Touka x =x, Ha3bIBAETCS KPUTHUUECKOW TOUKON BTOPOro poja Juis
byakuun y = f(x), eciu B 3TOM TOUke BTOpas mpou3BoAHas n1u6o pasHa 0, 1100 He
CYIIECTBYET, a QYHKIIHUS HEMIpEephIBHA.

Taxxe OTMCTHUM, YTO C IIOMOIIBIO BTOpOI>'I HpOI/ISBOIIHOﬁ MOJXHO OIIPpCACIINTD,
CymI€cCTBOBAHHEC SKCTpEMYyMa.

Teopema (nocTaToO4HOE YCJIOBHE CYIIeCTBOBAaHMSI IKcTpemyma). Kpuruyeckas
TOYKA TEPBOr0 poja SBISAETCA TOYKOM MHUHMMYMA, €CIM B 3TOM TOYKE BTOpasd
MIPOU3BOJHAsA IIOJOKUTENIbHA, WU MAaKCUMyMa, €CIM OTpUIaTeNbHa. A B ciydae
pPaBEHCTBA HYJIIO BTOPOI MPOU3BOIHON TpeOyeTCs AOMOIHUTEIbHOE UCCIIeI0BAHNUE.

[lo ananoruu uccinegoBaHus GYHKIIMHU C TOMOIIbIO EPBON MPOU3BOIHOM, IS
HAaXOXJEHUS MHTEPBAJIOB BBIMYKJIOCTH M BOTHYTOCTH, M TOYEK meperuda
HeoOxonuMo 3HaTh OO®, HAWTH TOYKHU pa3pbiBa, ONPEIETUTh KPUTHUYECKUE TOUYKU
BTOpOro poja. Kpurnueckue TOUKH BTOPOTO poja U TOUYKU paspbiBa aenit OOD Ha
MHTEPBaIbl 3HAKOMOCTOSHCTBA BTOPOM MPOM3BOAHON (yHKuuu. OmnpenenuB 3HaK
BTOpOW MPOU3BOJHOM HA TMOJYYEHHBIX HHTEpBAJIaX, MOXKHO CJelaTh BbIBOABI 00
MHTEpBaIaxX BBHITYKIOCTU U BOTHYTOCTH, TOUKaX neperuoa.

2
g [pumep 10. MccnegoBaTh ¢ MOMOIIBIO BTOPOW MPOU3BOAHON (DYHKIHIO Y =€ .

Pemenune. O6nacteio onpenenaeHus: TaHHOW 3JIeMEHTApHOW (YHKIMM SIBISETCS BCA
yucioBas ock: x € R. CnenoBaresbHO, HET TOYEK pa3pbiBa. BBIYMCINM MEPBYIO U

BTOPYIO POM3BOMHEIE: ) = ¢ " - (2x); »'= e -(—2 +4x° ) Haiinem
KpUTHYECKHE TOYKM BTOPOro poja. IIpupaBHseM BTOPYIO HPOM3BOAHYIO K HYJIO:
e . (—2 + 4x* ) —0ox'=1/2ox= il/\/z e 00D, cJIeI0BaTEIIbHO, TOYKH
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x=%1/4/2 - xkpuTHueckue TOYKH BTOporo ponaa. Her Touek, rme BTOpas
MIPOU3BOJHAs HE cyllecTByeT. HaHeceM KpPUTHMYECKHE TOYKM Ha YHUCIOBYHKO OCh,
OTpEJIINM 3HAK BTOPOU MPOM3BOHOM HA MOTYYEHHBIX HHTEpBaiax (puc. 11).

/") V-\K;

fx) 12 TN 2 N~ x
Puc. 11

BuauMm, Ha uHTEpBanIax (—oo; -1/ \/5 ), (1/ \/5 ; +oo) (GyHKIIMS BOTHYTa, a Ha
WHTEpBAJIC (—1/ \/5; 1/~/2 ) — BbInykiaa. Touku x =1/ V2 sBsmores Touxkamm

neperuba. 3HadyeHHe (QYHKIMU B ATUX TOYKAX DPABHO y(il/ ﬁ):e_” 2 =1/e.

['padux dpyHKuMM puBeaEH Ha puc. 12.

Puc. 12

IMotHoe ucciaenoBaHue PYHKIUU U NOCTPOCHHUE rpaduka

PaCCMOTpI/IM MMPUMCEPHI ITOJIHOT'O UCCIICIOBAHUA q)YHKLII/II/I

5o Mpumepl1. Vccnenosats QyHKIMIO y =3/ x° —4X U IOCTPOUTH ee rpaduk.
Pemenune. O6nacteio onpenenaeHus: TaHHON JIeMEHTApHOW (YHKLIMM SIBISETCS BCA
4HCIIOBas OCh: X € R.

[IpoBepuM (PYHKIIUIO HA CHMMETPUYHOCTb.

y(—x) = {/(—xf - 4(—x) = 3x’ —4x = —y(x).

ODYHKIUSA SBISCTCS HEYCTHOH, M ee TpadHuK CHMMETPHYEH OTHOCHUTEIBHO Hadalia
OTCYeTa.

OYHKIUSA SBISICTCS HEMEPUOJIUYECKON, T.K. HE COACPKUT TPUTOHOMETPHUYCCKHX
GbyHKUIUHA.

OnpenenuM TOYKH MEPECCUSHUS C OCSIMHU.
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y(0)=3/0=0.
y=0: \3/x3—4x=0<:>x(x2—4)=0<:> *=0

x =12
Hymn ¢ynxkummn x=-2, x=0, x=2 gemar OOD Ha cieayroliue HHTEPBaJbI

3HAKOMOCTOsTHCTBA GyHKIMU (puc. 13):

fo m = 7

v

Puc. 13

OyHKIMSA dJEeMEHTapHasT U OIlpelelieHa Ha BCEM  4YMCIOBOM  OCH,
CJIEI0BATENBHO, HET TOYEK pa3pbiBa. 3HAUYUT, HET U BEPTUKAJIBHBIX ACUMIITOT.

OnpenenuM HaKJIOHHBIE ACUMITOTHI. DYHKIMS HEYETHAsA, MOITOMY MOMXKHO
UCCIIE0BaTh €€ TOJIBKO Ha MpaBoOil MOJIyocH, a IOTOM OTOOpa3uTh Ipaduk
CUMMETPUYHO OTHOCUTEIBHO Hayasia OTCYETA.

X —> —00:
3.3 3(x3(1-4/x* x3(1—-4/x?
lim 2 = fjm YX 4% _| @ =lim\/ ( )=lim ( ):I:k_,
x—>-0 x X—>—00 X o0 X—>—00 X xX—>—0 X
lim (y— k)= lim (" = 4x = x) = [0 -] = lim (x31-4/x" ¥ =
~ lim x(\3/1—4/x2 —1): lim x(—4/3x*) = lim 2 =| % |=0=p_
X—>—0 X—>—00 x> 3y o0

CrnenoBatenbHO, IOJYYUM YpaBHEHHUE JIEBOM aCUMITOTHI: ) = X.

MOXHO OTMETHTb, YTO IPU BBIYMCIEHUU MPENEIOB Mbl HUIJIE HE HCIOJIb30BAIH
3HaKa OECKOHEYHO OOJBIION BETMYUHBI, TOATOMY IPEIEIbl MOAYYaTCcsl TOUHO TAKUMHU
KE U IIPU X —> +00 . 3HAUMT, NpAMasi ) = X SABISIETCS U MPABOM aCUMITOTOM.

BoerunciauM npou3BoaHYy0 GYHKIUU:
, 3 -2/3 D)
y :(x —4x) -(3x —4).
Haiinem kputrnueckue TOUKM MEPBOTO poja:
, 3 -2/3 5
y'=0: (¥ —4x) (3%’ —4)=0 = x=52/4/3 € 00®;
x=0€000;
Ay ¥ -4x=0
x=12e00.

CnenoBateabHO, TOYKHM Xx =12/ \/g; x=212; x=0 ABIAIOTCS KPUTUYECKUMU
TOYKaMH TIepBOro poja. HanmeceM uX Ha YHCIOBYH OCh, OIpEISIUM 3HAK

MPOU3BOJHON HAa ToNy4MBIIMXCA WHTepBanax (puc. 14). Touka x=-2/ V3 =X,
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SIBISICTCS TOYKOM MaKCHMyMa, a4 TOYKA X = 2/\/5 =X, —TOYKOM MUHUMYMaA. Touku
X = i2, x=0 He SBIAIOTCS TOYKaAMHU I9KCTpEMyMaA, T.K. B HHUX IIPOU3BOJHAA HC
MEHSET 3HaK. Beruuciaum 3HaueHus q)YHKLII/II/I B TOYKaX 3KCTpEMyMaA:

v =y(-2/\3)=R16/33 =15, y, =y(2/43)==16/33 ~-15.

Y+ + N = N = N+ N+
y 2 7 B ™ 0 N 3 T 2 T x

»
»

Puc. 14

BYJICM HCCIICAOBATDH (1)YHKI_II/IIO C IOMOIIBIO BTOpOfI HpOHBBOI[HOfI:

y'= [(x3 —4x)_2/3 -(?wc2 —4)] = 6x(x3 —4x)_2/3 —%(}f —4x)_5/3 (?ax2 —4)2 =

= (¥ —4x) " [6)5‘ ~24x% —6x* +16x* — 2} = (' —dx)”" [8x2 t 2}
3 3

OHpeHeJII/IM KPpUTHYCCKHC TOYKH BTOPOT'O poaa.

y'=0: <.

x=0€00D;

"X —dx=0
Zy x =12 00.

Kpurnueckne Toukum BTOporo poma x==2; x=0 HaHeceM Ha YHUCIOBYK OCb,
OTIpEJICIMM UHTEPBAJIbI BRITYKJIOCTH U BOTHYTOCTH (pHC. 15).

y" + + -
2 N

N N ¥

Puc. 15

[Tokaxem, YTO B KPUTHUYECKUX TOYKax BTOporo poaa x=12; x=0

KacaTCJIbHas K Fpa(l)I/IKy q)YHKLII/II/I CyYHICCTBYCT. Breruucium OJHOCTOPOHHHUC NIPCACIIbI
HpOI/IBBOIIHOﬁ B 3THUX TOYKax.

lim ' = lim (x* —4x) " (3% —4) g

x—0- x—>0- +0

lim ' = lim (x* —4x) " -(3x*> —4) P

x—0+ x—0+ +0
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OpHocTOpOoHHME  TIpenenbl  OECKOHEYHbI, HO HMMEIOT OJWHAKOBBIM  3HAK,
ClIeIoBaTeIbHO, B ATOM TOYKE CYIIECTBYET KacarelbHas K rpaduky (yHKIHH,
3HAYUT, KpUTHYECKass TOuKa BToporo poaa x =0 sBiIseTcs TOYKOM meperuoda.

AHaJIOrM4HO MPOBEPUM TOUKH X = 12.

lim y'= lim (x* —4x) " -(3x* —4)= L I

x—+2— x—>+2— +0

lim y'= lim (x3 —4x)_2/3 -(3x2 —4): 8 = o0,

x—+2+ X2+ +0

Takum oOpa3zom, UMeeM TpH TOUKHU meperuda x =+2; x =0. A 3HaueHue QyHKIHUH B

ATUX TOYKAX PABHO HYIIIO.

HccnenoBanue MpoBeAeHO, OCTalOCh MOCTpouTh rpaduk. Haunem c ocei
KoopauHaT. HyXHO mpoBecTH ocu M BbIOpaTh Maciitad Tak, 4ToObl MaKCUMaJlbHbIE
XapaKTepHble 3HaUeHUsT X W ) ObUIM HE Jajbllle OT Hayaja OTCYeTa, YeM CepeIhuHa
nosiyoc. OTMETHM Ha YMCJIOBOM TUIOCKOCTU XapaKTEepHbIE TOUKH: TPAHUYHBIE TOUKH
OO, ToukH nepeceueHus ¢ OCAMH, TOUKH IKCTpEeMyMa U nieperuda, TOUKu pa3pbiBa.
Ecnu Heo6xoauMo, TO MOXKHO A00aBUTh HECKOJIBKO TOYeK Ha Tpaduxe (QyHKIIHH.
[IpoBenem acumnToThl (puc. 16 «). 3aech TOYHBIC 3HAYEHUS KOOPAMHAT TOUEK
DKCTpEMyMa HE YyKa3aHbl, 4YTOObl HE 3arpoMOXJaTh PUCYHOK, OHHM 3aMEHEHBI
OYKBEHHBIMH CUMBOJIAMH.

I'padpux ¢dynkuuu Oyaem pucoBath mnodstanHo. JleBas rpanuna OO
OTCYTCTBYET, CJIEJOBaTeIbHO, HAUYHEM C «- OeckoHeyHocTu». llepBasi camas neBas
XapaKTepHas TOouka — To4ka meperuba x =-2. Paccmorpum uHTEpBan (—oo; —2].
Ha »toM wuHTepBasie (QyHKIMS BO3pacTaeT, BOTHYTa, B «- OECKOHEYHOCTH

npuOIMXKACTCSd K HAKIOHHOM aCHMIITOTE, W TPHXOJAWT B TOYKY Ieperuda
x=-2, y=0 nox npsmbiM yriioMm. Hapucyem takyto ayry (puc. 16 B).

A L’ A L,
@ y B y
/,’, &O&’b' /’,,
R
- VMmoo o@
. RS
- 2 : ,” xm
[ Y 5 ; [ Y > ;
xMO 2 X X
L Ympee
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o) Y .

Puc. 16

Ilepexoaum K cienyroleMy HUHTEpBaly [—2; —2/4f3 ] Ha sTom mHTepBaie

(GyHKIUS TPOJ0JDKAET BO3pacTaTh, HO CTAHOBUTCS BBIMYKJIOW, MOJXOAUT K TOYKE
MaKCMMyMa TOPH30HTaJIbHO (MO HYJEBBIM YIyioM). Hapucyem COOTBETCTBYIOIIYIO

nyry (puc. 16 ).
Ha wHTepBaie [—2/ J3; O] GyHKIIMS HaYWHAET yOBIBaTh, HO OCTACTCS

BBINYKJIOW, MPUXOJUT B HAauajo KOOpAMHAT, Kacaich ocu Oy. [Ipogomxum rpaduk
COOTBETCTBYIOIIEH nyroit (puc. 16 9).

[Iponomkas mnocTtpoeHue Tpaduka dIEMEHTAPHBIMU JyraMu, [OJyYUM
OKOHYATEJbHBIM BapUaHT TpadUuecKoro MpeICTaBlICHUsS HCCIeyeMOl (QYHKIUU
(puc. 17). IlpaByto yacTh rpaduka MOKHO MOJYUYUTh TAKXKe CICAYIOIUM 00pazoM:
0TOOPAa3UTh JIEBYIO YaCTh rpaduka HEHTPAIbHO CUMMETPUYHO OTHOCUTEIHHO Havalla
koopauHat. Ha puc. 18 mpuBegeH rpaduk, TOCTPOSHHBIA MHPOrpaMMoOin
«MareMatuka.
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Puc. 17
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2 [Ipumep 12. VccnenoBath coctaBHyto GyHKIMIO ¥y =4lnx, O0<x<l;

U TIOCTPOUTH €€ Tpaduk.

Pemenne. Bce nanemenTapHble (QyHKIMH, BXOASIIME B COCTaBHYIO (YHKIIHUIO,
OTpeNeNIeHbl TaM, TJe OHW 3aJlaHbl. A WHTEpBajbl 3ajaHusl (QYHKIUN MOKPHIBAIOT
YUCJIOBYIO OCh 3a HMCKIIO4YeHHeM ojaHoi Touku x =0. CrnemoBaTenbHO, 00JaCThIO
onpeieNIeHUsl SIBIISTFOTCSI MHTEPBAJIbI (—oo; O)U(O; +oo).

dynkuus oduiero Buaa, T.K. y(—x) # —y(x); y(—x)# y(x) 1 HemepuoguIecKasl.
Haiinem Touku nepecedenus ¢ OCSIMU.

y(0)-A.

y=0:

—0; 0): € =0=>xed;

0; 1): nx=0=x=1¢(0; 1);

N

2

1—
(I, +00): =0 x=%1; x=-1¢(; +x).
x+2
TakuM 06pa3oM, MONydaeM €TMHCTBEHHYIO TOUKY NEPECEUeHHs ¢ OCSMH KOOPIMHAT
M,(1;0).

Touka x =0 saBIseTCS TOUKOU pa3phbiBa. HOHOBPHTCHBHOﬁ Ha Pa3pbIB TAKIKC

SIBJIICTCS TOYKA CTBIKOBKH X = 1. Mccieyem 3TH TOYKH.
x=0:

L 1 1
: 1 /x _ 0 | _ -0 | _ _ —0-

x<0

lim y(x) = limlnx = In(+0) | = —oo.
x—0+ x—0
x>0
CnenoBarenbHo, x =0 sBusiercss Toukoil pa3peiBa Il pona, u npsimast x =0 sBIAETCA
BEPTUKAIIBHOM ACUMIITOTOM.
x=1:

1-x°
5 =0; y()=0.

lirp y(x) = linlq Inx=Inl1=0; lir}q y(x) = linlq
x<1 x>1

B touke x =1 QyHkuus HenpepbIBHA.
BblunciauM HaKJIOHHBIE ACUMIITOTHI.
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X —> —00:

y el/x 1
lim == lim—z[—}=0=k_;

X—>—0 x—>—0 ¥ o0
lim (y—k_-x)= lim (" —0)=1=5_.
X —> +00:

_ 2 2(1/x* -1
1im1=11m1—x:[$}: - M:_ ke
X0y x—>+00x(x+2) 00 | X0 x (1+2/x)

2 2 2

lim(y—k+-x)=lim( -t +xj=lim(l_x X +2x]=1im(1+2xj=2=b+.
xX—>+0 x>+l x4 2 xX—>+0 x+2 x>+0\ x4+ 2

Takum o00pa3oMm, monyyaeM JE€BYI0 TOPU3OHTAIBHYIO acUMITOTY y=1 wu
MIPaBYIO HAKJIOHHYIO aCUMITOTY Yy =—X + 2.
BrrunciauM nepByro NpoU3BOJHYIO:

1
—e”x-—z, X<O;
X
y'=9—, O<x<l1;
X
x> +4x+1
S IR ksl
(x+2)

[TpousBomHass HUrIe He oOpamaercs B 0, He CylmIecTBYyeT B Touke X =1, KoTopas
SIBJIICTCS KPUTHUICCKON TOYKOM mepBoro pojaa. Hanecem 3Ty TOUKYy M TOYKY pa3phiBa
Ha YUCJIOBYIO OCh (puc.19).

!

y — + -
u M Ll

A O

Puc. 19

Touka x =1 sgBHsAETCS TOUKOW MAKCHUMYMA.
UccnenyeM QyHKIHIO C TOMOIIBIO BTOPOM MPOU3BOIHOM.
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e”x-—4(2x+1), x<0;
X
" 1
Y =3 O<x<l
X
—L x>1
(x+2)3)

Bropas mpousBogHas obpamaetcs B 0 npu x =—1/2e€ OO®D, u He cymecTByeT npu
x=1. DT TOYKHM SBIAIOTCA KPUTUYECKHUMH TOYKaMHU BTOpOro pona. Ompenenum
MHTEPBaJIbl BEITYKIOCTU U BOTHYTOCTH (puc. 20).

— + — -
y —~ 7o v~ b
Puc. 20
Touka x=-1/2 sBnsgeTcss ToukoW mepermba, a Touyka x =1 — TOUKOH H3IOMa

¢ynximy. 3nauenue GYHKIUM B TouKe eperu6a pasHo 1/e” = 0.12.
I'padux ¢pynxuuum npusegeH Ha puc 21. Ha puc. 22 noka3an rpaduk, mOCTpOCHHbIN
nporpammon «MarteMaTuka.
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Puc. 21
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