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I'smaBa VI
PYHKII MM HECKOJIEKUX ITEPEMEHHBIX

§ 1. OcuHoBHBIC IOHATHSA

1°°TIosaTHe GYyHKIOUM HECKOJABKHMX mepemMenuns x. 06o-
3HaYeHuAa GyHKnui IlepemeHHas BenvYMHa 2 HA3BIBAETCA OJHO3HAY-
HOHl @yHKYUell NBYX MepPeMeHHBIX X, I, eCJAX KaKA0H COBOKYIHOCTH HX 3HA-
4yeHUH (X, y) U3 HaHHOH 00JacTH COOTBETCTEYET €AMHCTBEHHOE OIpeleIeHHOe
3HaveHnue 2, IlepeMeHHBIE X, Yy Ha3bBIBAIOTCA AP2YMEHMAMU UIU He3AB8UCUMBIMU
nepemennvimu. PyHKHHUOHANbHAA 3aBUCHUMOCTH 0603HaYAaETCA TaK:

2= f(x,y), nau z = F(x, y) u 7. 1.

AHanoruysgo onpegenaoTca GYHKIUYA TPeX B GOJIBLIIEero 4ucjia ApryMeHTOB.
IIpumep 1. Beipasutrs o6beM KoHyca V Kak (pyHKUMIO ero obpasymieit x

¥ paguyca OCHOBAHHUA J.

Peurenue. I3 reomerpuu U3BECTHO, YTO O6HEM KOHYCA PABEH

1 2
= = h,
3™

ZY z=f(xy)

rae h — Beicora Konyca. Ho h = sz - y2 . Cneuonﬁ’i‘enLHo,
V= %nyz«/xz -yz .

910 M ecTh UCKOMasa PYHKIHMOHAIbHAS 3aBUCHMOCTD.

3HaueHue QpyHkumnu 2z = f(x, y) B Touxke P(a, b), 1. e. npu
x =auny=b>b, obosnavaerca f(a, b) nunu f(P). 'eomerpuueckum
uzobparkeHneM QyHKIMM 2 = = f(x, y) B IPAMOYTOJLHOM CHCTEME KOODAUHAT
X, Y, Z, BooGiie roBopsd, SBAAETCA HEKOTOPAsA IOBEPXHOCTH (puc. 63).

2 2
Hpumep 2. Haittu f(2, -3) n f(l, Q) , ecau f(x, y) = x ty
x 2xy

Pemenue. IogcraBnasa x = 2 u y = —3, HAXOAUM

o 224(=8)° _ _13
f(2, -3) ) o

IlogcraBiasa x = 1 u 3aMeHAd y Ha ¥ , OyneM uMeTh
x
2
1+ (2) PR
x _Xx +ty

o) g T

T e. f(1, %) = f(x, ).
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.. 2°.06nacrpcymecrsoBanua GyHKnuu Ilog obracmeio cy-
wecmeosanua (onpedenenusa) Gyaxuuu 2 = f(x, y) DIOHUMAaETCA COBOKYIIHOCTH
royex (x, y) mrockoctu XOY, B KOTOPbIX AaHHAdA (PYHKIMA ONpejesieHa (r.e.
NpHHEMAET O pele]eHHbIe JeficTBUTeNbHbIE 3HAYEHNA). B npocrefininx caygaax
06J1aCTh CYILIleCTBOBAHMS (D)YHKIMM HpPeJCTaBIAeT COO0H KOHEYHYIO MM fHecko-
HEUHYIO 4aCTh KOODAMHATHOH miockocty XOY, orpaHMYeHHY0 OAHOH MM He:
CKONBKHMME KPHUBBLIMHU (2paHuya 0OAACTU).

AHanoruvHoO A PYHKIHUM TpeX mepeMeHHBIX u = f(x, y, 2) 06718CTHI0 CY-
mecrTBoBaHUA QYHKIMHE CIYKUT HEKOTOpOe Tello B pocTpancTee OXYZ.
Mpumep 3. Hailtu o6racTs cyniecTBOBAHUA PYHKLIMA

1
/4—x2—y2

. ’ N
Pemen ue. OyHKIHA MMeeT AeficTBHTEIbHblE SHAUYEHUSA, ecn 4 —x" — Y > 0

2=

o x° + y2 < 4. INocyegHeMy HepaBeHCTRBY yAOBJIETBOPAIOT KOOPAUHATEI TOUEK,

JIeKAMIKX BHYTPY OKPYXKHOCTH Pajuyca 2 ¢ IeHTpOM B Hauaige koopauxaT. OG-

JIACTh CYLIECTBOBAHUA ()YHKIMH €CTb BHYTPEHHOCTh 3TOro Kpyra (puc. 64).
Opumep 4. Haittun o61acTh cymniecTBoBaHUA QYHKIMY

z = arcsin g + Jxy.

o X
Peme u u e. IlepBoe ciraraemoe QyHKLIHE OnpefeneHo npu —1'< 5 < 1 umnu
-2 € x € 2. Bropoe ciaraemoe ¥MeeT AeHCTBUTEIbHBIE 3HAYCHUA, eCIH xy 20,

x>0, x<0,

T. €. B IBYX CAyYaAX: IpH {y > WIMOPH § <,

061a¢Th CyIecTBOBaHMA Beell GyHKIuY n3obpaxesa Ha puc. 65 u Braouaer
rPaHMILL 06JIaCTH. ‘ ST

3°.JluHuY MOOBEPXHOCTH YPOBHA {yHKIU KN Junuel ypos
Ha QyHKOMU z = f(x, y) HA3BIBACTCA TaKad JINHUA f(x, y) = C Ha njaockocTH
XOY, B TOURAX KOTOPOii PYHKIMA NPUHUMAET OAHO H TO yKe 3HauveHue z = C
(06bIuHO HPOCTABIAEMOE HA YepTexKe B BUJE OTMETKH).

IToeepxnocmovio yposrs QYHKINHK TPEX apDT'YMEHTOB U = f(x, Y, Z) Ha3bIBaeTCH
TaKad HOBEPXHOCTh f(X, ¥, 2) = C, B TOYKaX KOTOPOH PYHKUUA NPHHUMAET no-
crosauHoe 3HaueHue u = C.

IIpumep 5. IlocrpouTh JMHUM YPOBHA QYHKIMH 2 = xzy.
C

. 2
PemeH ue. YpaBHeHHe JHHHUN ypOBHS uMeeT BuA X'y = C unm y =

3

®

IHonaras C = 0, =1, +2, ..., TOAYYUM ceMeiCTBO JUHUH ypoBHA (puc. 66).

Puc. 64. . Puc. 65. : Puc. 66.
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§ 1. OcroBHBbIE TOHATHA /' 7 177

1782. Bripa3uTh 06seM V 1paBUIBbHOMN YeTHIPEXYTOJIbHOH NMpaMHU bl
Kak (yHKIMIO ee BBICOTH X B 6oKoBoro pebpa y.
1783. Bripasurh niaomaas S 60KOBOH HOBEPXHOCTH IPABUIBLHOM 1HIeC-

THYroAbHOM yCeYeHHOH nmupamMujbl Kak (GyHKIHIIO CTOPOH X M J OCHOBA- -

HHH M BBICOTHI 2.

1784. Haiitu f(% 3) , f(1, -1), ecou
fex, y) = xy + 7.

1785. Haitru f(x, y), f(—x, —y), f G !1/) : Fil? econ

2

flx, y) = 2xy

1786. Haittn 3HaueHns, NpuHIMAaeMble QyHKIMeH
flx,y) =1+x-y
B TOYKAX napaboJssl y = xz, M mocTpouThb rpaduxr GyHKIuM
F(x) = f(x, 2°).
1787. HaiiTn 3sHaueHne HQyHKUHN
2 = <t 227y’ vyt
1- 22—y

2 2 2
B TOYKAaX OKPy>XHoCcTH ¥ + Yy = R,

1788*. Onpenennts f(x), ecan

2= £ o

X,
1789*. Haittu f(x, y), ecin
fx +y, x —y) = xy + .

1790%, Ilyctes z = Jz + f(faE — 1). Oupeaenuth GyHKINKA f e 2, eCJIH
z=xupny=1.

1791**, Ilyctp 2 = xf(%). Onpenenuts GyHKOUU f U 2, ecan 2 =

=—-«/1+y2 upu x = 1.

1792. HaiiTu ¥ u306pa3uTh 06GJACTH CYIHECTBOBAHMS CIEAYIOIHX
byHKIMIA:

a)z = «ll—xz—yz;
6)z=1+ «/—(x—y)z;

u) z =.Jysinx;

K)z=1n (x2 + ¥y);

B)z = In(x + y); n) z = arctg _é‘/z;
1+x"y
r)z = x + arccos y; M)z = 21 5 s
L x +y
u)z=A/1—x2 +A[1-y2; H)z = 1 H
Ny -z
= in¥: = 1__ +l‘
e)z arcsin =3 0)z 3 5

w)z = /\/xz—4 + /\/4~y2;

3)z = A/(x2 + y2 - az)(2a2 —x- yz)
(a > 0);
1793. HaiiTu 06JacTy CYIIECTBOBAHUSA CIEAYIOIUAX (QYHKIUH Tpex
aApryMeHTOB:

a)u=Jx + Jy + Jz;
6) u = In (xyz);
B) u = arcrsin x + arcsin y + arcsin z;

ru= NJ1- x° y2 22,

1794. IocTpouTh JUMHHMYU YPOBHA AAHHHIX PYHKIMA M BHIACHUTDH Xa-
paKTep n3o6pakaeMbIXx 3THUMHU QYHKIMAMHE IOBEPXHOCTEI:

mz = «/sin(x2 +y2) .

‘11'(}!)

a)z=2x+y; r)z = JXY; m)z——‘%;
) x

.. - 2, -y,
Gr=trd me-Grans 9=
Jx

B)z=x2—y2; e)z=1-|x - |yl; u)z = 22x2

x“+y

1795. HaiiTy 1¥HAN ypOBHA cileAyruux GyHKIUA:
a)z = In («* + y); r)z = f(y — ax);
n)z = f(g) :
X,

6) z = arcsin xy;

B)z=fuo_c+—y)

1796. HaiiTn IOBepXHOCTHU YPOBHA GYHKIUR TpEeX HE3aBUCUMBIX II€-
PEeMEHHbLIX:

{
ayu=x+ty+z 6)u=x2+y2+zz, B)u=x2+y2—22.
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§ 2. HenpepsisHocTs

1°.IIpenexn ¢yuknuu Yuwio A HaswiBaercsa npedenom Qyrryuu z = f(x, y)
npu cTpemyeHMM TOuKH P(x, y) K Touke P(a, b), ecnn ana mioboro € > 0 cy-

mrecTByeT Takoe 8 > 0, uro npu 0 < p < §, rue p = A/(x—a)z-k(y—b)2 — pac-
CTOAHME MeXAy TouKaMu P u P’, uMeeT MecTO HepaBeHCTBO
e, y) - Al <e. |
B arom ciy4ae HUAUIYT:
lim f(x, y) = A.
x—a
y—b

. :
2° HenpepHBHOCTEL M TOYKH pa3phlBa. DyHKuua z = f(x, y)
Ha3BIBAETCA HenpepwviéHoit 6 mouke P(a, b), ecan

lilna f(x, y) = f(a, b).
y—b '

i

DyHKIKA, HENPephIBHAS BO BCEX TOYKAX HEKOTODPOH 06GNACTH, HA3LIBAETCA
HenpepuléHoil 6 3moil obracmu.

Hapymenue ycnoeuii nenpeprsiBHOCTH A1 GyHKIHH f(X, ) MOXET IPOHCXO-
AMTB KaK B OTAEJBHBIX TOYKAX (LIONUPOBAHHAA MOYKA PA3Pbi6éA), TAK K B TOY-
KaX, o0pa3yoliux OAHY MJIM HECKONBLKO JHHUH (AUHUU paspwvisa), a HHOTAA M
6osee cioXxKHBIE reoMeTpUYECKHe 00pa3kl.

IIpumep 1. Haiitn Touxku paspeiBa GyHKLMYT

2= xy+1

) .
x -y
Pemenmne. (DYHKHPIS{ noTepdaeT CMBICJ, €CJIM 3HAaMEHAaTeNnhb OﬁpaTHTCH B

2 _ 2
Hyab. Ho x" — y =0 umn y = x” — ypasuenwne napa6osnl. ClrefoBaTeasHo, AaHHAA
(Pyuruua mMmeer NuHMENH paspsiBa napabony y = P

1797*. Haiitu ciepyiomue npegeisl GyHKIHH:

. R 2 2, . x
ca) lim (x" +y )smi; r) lim (1+£) ;
x—0 Xy x — oo X

y—0 ; y—k
6) lim x+y2; , ) lim —X_;
x—oo w24y x=0 xX+y
y—> S yd)o
. sinxy x2-y?
B) hmO T; - e) lim x* -y
x> x—0 +
y—2 y—0 Ty

1798. UccieoBaTh Ha HENMPEPHIBHOCTL (DYHKIIUIO

fx, y) = A/1—x2—y2 npnx2+y2<1,
,," 0 2 2

g . OpEX +y > 1.

§ 3. HacTHrle npou3BOAHBIE 1 179

1799. HaiiTi TOYKM paspeiBa cleayoomnux GyHKIWII:

a)z=1n,\/x2+y2; B)z=—12-—;

1-x"- y2
! 0)z = 1 55 r)z=cos.l.
(x-y) Xy
1800*. IToxkasarb, UuTO PYHKIIUSA
fxyz npu ©+ y2 #0,
2= 43x"+y

0 mpux=y=0

HellpephbIBHA 10 KaXKA0H U3 NepeMeHHBIX X U Y B OTAEJIbHOCTH, HO HE SB-
ndeTcd HenpepbiBHOM B TouKe (0, 0) 110 COBOKYIHOCTH 3THX IIepeMEeHHBIX.

§ 3. YacTHbie NPOU3BOTHbIE

1°.OnpefeneHve YaCTHBI X Npou3BoxgHHX. Ecmuz=f(x, y),
TO, IOJIAras, HAIpUMep, J MOCTOAHHOMN, NOoJydaeM IPOM3BOLHYIO

92 .y (ALY -fey) _

(%, Y),
0Xx Ax—0 Ax I )

KOTOpas HasbIBAETCHA LACMHMOIL NPOL3600HOI QYHKIUH Z TI0 IepeMeHHok x. AHa-
JIOTHYHO OIpejensercs: 1 o0o3HadaeTcd YacTHAA IPOU3BOAHAA QYHKIMH 2 TI0 Iie-
peMeHHOM y. OUeBHUAHO, YTO AJNA HAXOMACHUA YACTHBIX IIPOMSBOJHBIX MOXKHO
NOJb30BATHCA OOLIYHBIMU (QopMyTaMU AU epeHINPOBAHNS.

IIpumep 1. HafiTu gyacTHbIe IPOM3BOAHBIE PYHKIIMHU

z=Intg x.
y
Peme nue. PaccmarpuBas y Kak NTOCTOSHHYIO BEIMYKHY, [OJIYYUM
e _ 1 1 1__ 2 '
ox 1‘.gE cos®* ¥ ysinZ—Jf
y y y
AmnanornuHO, pacCMaTpHBad X Kak IIOCTOSHHYI0, 6yaeM HMeTh
Jz _ 1 1 (__J_C_)=~ 2x
== 5 —== .
% tgZ cos’X N ¥ yzsingic-
y y y

IIpumep 2. Hailtyn yacTHBIe NpOou3BOAHbBIE GYHKINK TPEX apryMeHTOB
u=x3yzz+2x—3y+z+5.

Pemenmue.
8_u =3x2y22+2,

dx

a_u = 2x3yz -3,
dy

du 3 2

= = + 1.
dz *y
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2°.Teopema Diinepa. Pyuxnus f(x, y) HasbIBaeTCA 00HOpodHOIl HYyHK-

nuemn U3MEPEeHHs N, eCHU ANA J10boro JeHCTBUTENBHOIO MHOMXKUTENS & nMeeT Mmec-
TO PaBeHCTBO

f(kx, ky) = E"f(x, y).

lenaa pannonansHas QyHknus 6ygeT o4HOPOZHOM, €CIM BCe WIEHBI €€ OZHOI'O
¥ TOrO K€ U3MepeHHHd.

s ognopoanoit auddepeHnHPyeMOoit GYHKIMN H3MEPEHHS 7l CIIPABEAIIMEO
cooTHoUIeHue (meopema Dilnepa)

xf (%, y) + yf (%, y) = nf(x, y).

HaiiTn yacTHble IpPOU3BONHBIE DYHKILUIA:

1801. z = x° + y° - 3axy. 1807. z = acrtg ¥
X
1802. z = z_;!y/ 1808. z = x*.
in¥
1803. z = % 1809.z=¢ *
2 2
1804. z =JJx% - y2 . 1810. z = arcsin x2 —yz .
x“+y
1805.z = X, 1811. z = Insin 279

, /x2+y2 ) Jy
1812. u = (xy)°.
1806. z = In (x + Jx° +y?). )
‘ 1813. u = 2.
1814. Haittu (2, 1)m f;(Z; 1), ecau f(x, y) = ’xy+'£.
y
1815. Haiitu f’x(l; 2; 0), f'y(l; 2; 0), f’z(l; 2; 0), econ
f(x, y, 2) = In(xy + 2).

181Ig)pmseplzrrb Teopemy Jiinepa 06 oXHOPOAHBIX hYHKIMAX (NeNe 1816 —
):

1816. f(x, y) = Ax” + 2Bxy + Cy°. 1818. f(x, y) = —X+¥

__ X
1817. 2= . 1819. f(x, y) =In ¥.
x“+y x
. J (1 [ 2 2 2
1820. Haitt ﬁ(?)’ raer = Nx" +y +2z2°.
o ox
1821. Beruncnuts | 9 99| ecnu x = rcos Q@ uy=rsing.
%y 9y
Jar do

§ 3. Yacrubie npou3BoAgHbEIE " 181
1822. IToxasaTh, 4TO xg—z + ygz = 2, ecJH

z= ln(x +xy+y2).
oz

1823. ITokaszaTh, 4TO xa + y a = xy + 2, ecnu
y
= xy + xe” .
1824. Tlokasars, ato ¥ + % + % — 0 ecnu
ox oy 0z

u=(x-yy-2)Nz-x).

1825. ITokasars, uTO u + du + du _ 1, ecan
ox oy 0z
u=x+22Y,
y—2z
1826. Haiitu 2 = 2(x, y), ecin
dz .  «x
Jy o +yz

1827. Haittu 2z = 2(x, y), 3Hasa, 4TO

2 2
’ g_i=x;y ¥ z2(x, y) = siny opu x = 1.

1828. Yepes Touxy M(1; 2; 6) noBepXHOCTH 2 = 2x® + y2 [IPOBEJeHbL
NJIOCKOCTH, IapasijesibHble KOOPAHMHATHBIM ILtockocTaM XOZ u YOZ.
OnpepenuTsh, Kakue yribl 06pasyioT ¢ OCAMU KOODAHHAT KacaTelIbHbIe
K NOJYYHMBIIMMCS CeUEeHUAM, IPOBeJleHHbie B UX 0011ei Touke M.

1829. [Tnomane Tpamenmuu ¢ OCHOBAHHAMH a, b U BBICOTOH h paBHA

S = -(a + b)h. HaiiTn gs 3‘5 %‘—z M, HOJb3YACH YEPTEXKOM, BHIACHUTH

HUX IreOMEeTPHYECKHI CMBICJ.
1830*. ITokasaTp, uTo QyHKINA

i 1) _ng_y? ecu x° + y2 #0,
’ ={x +y

0, emx=y=0,

HMeeT YaCTHBIE IPOU3BOAHEIE [, (X, Y) 1 f; (x, y) B Toure (0; 0), xora u

paspeIBHA B 3Toi Touke. I[TocTpouTs reomerpuuyeckmnii o6pas sToi PyHK-
nuu B6ausu rouxku (0; 0).
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§ 4. Ilonusrit Tuddepernunan GpyHKIUU

1°IlonHoe mpupamesne QyHKIUHA I[IOIHLIM npupaujerHuem
dyHrnun 2 = f(x, y) HasbIBaeTcS Pa3HOCTD

Az = Af(x, y) = f(x + Ax, y + Ay) — f(x, y).

2°.Ilonuwlét fudpbepenuunan GyHKUUU I[loruvim Ouppeper-
yuaaom GYHKOUHU 2 = f(x, y) Ha3bIBAETCA [VIaBHANA YACTh IIOJIHOTO IPUPAIleHUA
A 2, nuHe#iHaA OTHOCHTENLHO IpPUDAIEHUN apryMeHTOB Ax U Ay.

PasHocTh MeX Ay IOJHBIM IPUpAllleHNueM ¥ N0JHBIM auddepennpanom GyHK-

/ 2 2
AN eCTh OECKOHEeYHO MaJas BhICIIEro nopAAKa II0 CDABHEHHIO C P = Ax™ + Ay .

PyHKIUA 3aBEJOMO MMeeT NONHBIH AuddepeHIIal B CIyUuae HEIPEPLIBHOCTH
ee YaCTHBIX IPOM3BOLHBIX. Ecnm pyHKIma mmeer nonubiil nuddepennuan, To
OHa Ha3bIBaeTca Juddepenyupyemoii. [fuddepeHnuaisl HE3aBUCUMbBIX I€PEMEH-
HBIX, TI0 OIIPE/IeJIEH IO, COBIIAJAIOT ¢ MX NPHUPAIEHNAMH, T. €. dx = Ax u dy = Ay.
Ionusrit guddepennnan pyakuuu 2 = f(x, y) Bpraucaserca no dopmyie

_ 0z 0z
dz = E)_szx+ @dy'

AwnanoruvHo, noagsii gubdepennuan PyHKIUN TPEX apryMeHToB u = f(x, y, 2)
BBIYHMCJSETCA TI0 hopmyie

du du Ju
= + + .
du 3 dx 3 dy 3z dz

IIpumep 1. Ina dpyaxnun
_ .2 2
flx,y)=x" +xy ~y
HaWTH NOJHOE NpupalleHne U NOJHBIA auddepeHIIaN.
Pemenue. f(x+Ax,y +Ay)=(x +Ax)2 + (x + Ax)y + Ay) — (y + Ay)z;
2 2 2 2
Af(x, y) =[(x + Ax)” + (x + Ax)(y + Ay) — (y + Ap) ] — (" + xy ~ y7) =
=2x-Ax+Ax2+x-Ay+y-Ax+Ax-Ay—2y-Ay—Ay2=
= [(2x + y)Ax + (x — 2y)Ay] + (Ax® + Ax - Ay — AYD).
3aecs Beipaskerue df = (2x + y)Ax + (x — 2y)Ay ecTb HONHBIR JudhepeHIIHAT
2 2 i
dyaxkunn, a (Ax” + Ax + Ay — Ay”) ectb GeCKOHEUHO MAaias BBICIIErQ MOPALKa

. [ 2 2
IO CPaBHEHMIO ¢ 6eCKOHEYHO MayIon p = fAx" +Ay” .
IIpumep 2. Halitu nonueii guddepennuan Gyskuu

z= ,\/x2+y2.

dz x dz

Pemenune, 2= = —— ;2 = Yy :
ax( ,x2+y2 dy m

_ xdx+ydy

dz

- x Yy

§ 4. Ionnuwiii fuddepermuan GyHKIHUH 183

3°.IlIpumeHeHUe NOJAHOTro sAudbdpepesnuana GyHKIHUHT K
OPpUOGIHMKEeHHEM BHIUNCJeHH AM. IIpu gocratouno mansix [Ax| u |Ayl,

a 3HAYMT, IPHU LOCTATOYHO MAJOM p = A/Ax2+Ay2 ansa auddepeHunpyeMoi
dyuxyu z = f(x, y) UMeeT MeCcTO NPUONMIKEHHOE PaBeHCTBO Az = dz uau
0z dz

Az = 2Z Ax + = Ay.
S P i

IIpumep 3. Boicora kouyca H = 30 cm, pagnyc ocHoBanua R= 10 cm. Kax
H3MeHHuTCA 06 beM KOoHyca, ecnu yeeanuntsh H Ha 3 Mm 1 yMensmuuts R Ha 1 Mmm?

1_,2
Peurenue. O0bemkoHycapaBeHV = 3 nR"H. 3meHeHre 00'beMa 3aMEHUM

npubnuskeHHo auddepeHnaIOM

AV =dv = %n(ZRHdR+R2dH)=

= %n(—2 +10-30- 0,1 + 100 - 0,3) = —10m = ~31,4 (cv).

IIpumep 4. Beiuucaute npubavikeHHO 1,023’01.

Pemenue. PaccmorpuMm dyrrmmo z = x°. VICKOMOe YHCIO MOXHO CUNTATE
HapauleHHbIM 3HaYeHNeM 3To# QyHruun opu x = 1, y = 3, Ax = 0,02, Ay = 0,01,
3
IlepBonauanvuoe 3HaueHue GyHKOuU 2 = 1" = 1,

Az =dz = yxy_le +xlnxAy=3-1-0,02+1-1n1-0,01 =0,06.

3,01

CraepoBarenbno, 1,02 =1+ 0,06 = 1,06.

1831. s dysruuu f(x, y) = xzy HaWTH NOJIHOE IIpupalleHne 1 moJd

HBI auddepennuan B Touke (1; 2); cpaBHUATH UX, €CJIU:
a)Ax = 1, Ay = 2; 6) Ax = 0,1, Ay = 0,2,

1832. Ilokasare, uTO A1 GYHKIUH & ¥ U HECKOJBKHX (HampuMep,;
JIBYX) NEpEeMeHHbIX CHPaBeAJINBLI OObIYHEIE NpaBuia nuddepeHnuposa-
HUA:

: a)d(u + v) =du + dv;
6) d(uv) = vdu + udv;

B) d(%) - vduv—zudv )

Haittu nosabie guddepennuansl cneayomux GyHKImi;
1833. z = «* + y° - 3xy. 1837. z = yx’.
1834. z = x2y3. 1838.z = In (x2 + yz).

2 2
2= Y 1839. f(x, y) = In {1+ Z).
1835. 2 = 839. f(x, y) n( +y)

1836. z = sin’ x + cos’ Y.

1840. z = arctg syc- + arctg 5





[image: image6.png]184 Tnasa VI. PYHKIINY HECKOJIBKUX ITIEPEMEHHBIX

(203)

Xy+=| .

y Yy

arctgfc—g.
2

1845. u

1841.z=1ntg§/_c.

1842. Haiitu df(1; 1), 1846. u
ecau f(x, y) = 12 .
Y
1843. u = xy=.

1844. u = Jxl+y* +2°.

1847. Haiitu df(3; 4; 5),

2

1848. Oxna cropoHa npamoyroasHuka a = 10 ¢, a gapyras b = 24 cm.
Kax usmenuTcs auaroHajb [ IpAMOYroJbHHKA, €CJIU CTOPOHY @ yAIH-
HUTH Ha 4 MM, a cTopoHy b yKopoTuTs Ha 1 mMm? HaliTu npubinxkeHHyI0
BeJIVNUYUHY U3MEHEeHHs M CPABHUTH C TOYHOM.

1849. 3akpbITEI ANUK, MO HAPY KHbIe padMeps! 10 cM, 8 cm
u 6 cM, crenaHd U3 daHeps! TONIIMHOM 2 MM. OnpenenuTh NPUOIHIKEHHO
00’beM 3ATPAaYE€HHOI'O Ha ALIMK MaTepuana.

1850%. ITenTpanbHbI# yroJ KPYroBOIo CEKTOPA, paBHbLi 80°, sxemaioT
yMeHbIINTE Ha 1°. Ha CKOMBKO HALO YAJMHUTD PAAUYC CEKTOPa, YTOOBI
LI0mab ero ocTajach 6e3 M3MeHeHU 1, eCJIA IepBOHAYAIbHAA JJINHA Pa-
auyca pasHa 20 cm?

1851. Briuucauth npubJIMyKeHHO!:

2) (1,02)° - (0,97)%;  6) J(4,05)2+(2,93)%; 5)sin 32° - cos 59°

(r1pu nepeBoje rpaZycoB B pafiuaHbl ¥ IIPU BBIYHCIeHUH sin 60° 6pate
TPHU 3HAvYaIIMe HU@PHI; NOCHAeTHUN 3HAK OKPYIJIUTD).

1852. Ilokasars, 4TO OTHOCUTEAbHAA oLINOKa Ipon3BeJeH A Npubm-
JKEHHO pPaBHA CyMMe OTHOCHTEJIbHBIX OIIMGOK COMHOMKUTEJIEi.

1853. IIpn usmMepennn Ha MECTHOCTHM TpeyrojbHuka ABC nojy4eHbl
ciaejylone JaHHbie: cropoHa @ = 100 m + 2 M, cropora b = 200 m +
+ 3 ™, yroa C = 60° + 1°. C xaKoif cCTeleHbI0 TOYHOCTH MOKET OBITH BbI-
YHCJieHa CTOpOHA ¢?

1854. Ilepuon T KonefaHUs MaATHMKA BbBIUHUCAAETCA IO popmyJie

T=2njz,
g

rge | — naivHa MasiTHHKA, £ — YycKOpeHue cBobogHoro nageHusa. Haiitu
MOT'PEIHOCTE B onpejenesnu T, noayyaeMyio B pe3yJybrare HefoIbIINX
ommu6bok Al = o 1 Ag = 3 npu uamepenuu I n g.

1855. Paccroanue mexay Touxamu P (x,, y,) u P(x, y) passo p, a

ecnu f(x, y, 2) =

—
yroj, o6pasoBanHbiil BeKTopoM PP c ockio OX, paseH .. Ha CKoOIBKO

H3MEHHUTCHA YIroJ O, ecliu TouKa P, nmpu HemsmeHHOU Touke P, 3aiimer
nonoxenue P (x + dx, y + dy)?

§ 5. DnddepeEAPOBaAHIE CIOXHBIX GYHKIMI 185

§ 5. [uddeperuuporanme CAOXKHBIX PYHKIMIA !

1°Cnyuait ofHOIH HesaBHUCHMON NepeMeHHO . Ecmu z = f(x, y)
ecTs Juddepernnpyemas OYHKIMA apTYMEHTOB X U J, KOTOPHIE B CBOIO OYepeh
asndATca auddepeHIUPYyeMbIME GYHKIMAMY He3aBUCUMON IIepeMeHHOH £ )

x = Q(t), y = w(),
TO IPOM3BOAHAA CHOXHOH PyHKIMHM z = f[@(t), y(t)] MoxkeT GLITH BHIYMCICHA
no hopmyse
dz dzdx | odzd
22 = gEgex , ozdy (1)
ds dx dt dy dt

BuacTHOCTH, eciu t COBIAZAET C O4HUM M3 apDTYMEHTOB, HAIIPUMED X, TO «II0JI-

Has» Upou3BOJHAA QYHKU MU Z 1m0 X Oyner

dz _ dz ,dzdy

dr ~ox Toydx )
IIpumep 1. Hafitn %,ecnn
z=e3x+2y, rzxex=cost,y=t2.

Pemeunune. IIo dopmyne (1) numeem

dz

T - e "W . 3(-sint) + ¥ TH . 2. 2t = ¥ " M (4t - 3sin 1) =

3cos t + 22
= e

(4t — 3sin t).

IMIpumep 2. HaiiTu 4acTHYIO NPOH3BROLHYIO 8_2 ¥ IOJHYI0 IPOMU3BOA-

ox
HYIO dz , €Cau
dx

z=¢" rae y = g(x).

d
Pemenue. 5?26 = yexy. Ha ocroBauun popmynsr (2) momyuaem
dz xy Xy .
— =ye  + .
i Y xe " Q'(x)

2°.Cnydvait HeCKOJMbKHUX HE3aBHCHUMBIX HepeMeHHB X. Eemn
Z ecThb CNOXKHAA QYHKIUA HECKONBKUX HEe3aBMCHMBIX NEPEMEHHLIX, HAIIDYMED
z = f(x, y), rme x = o(u, v), y = Y(u, v) (4 ¥ V — He3aBUCHMEIe nepemMeHHbIE; f,
9, ¥ — nuddepeHnEpyeMble QYHKIMYN), TO YJACTHLIE IPOMU3BOAHLIE 2 1O U U U
BBIPAXKAIOTCHA TaK:
dz _ Jz0x + 9z dy
du " oxdu | ayou )

0z _ dzodx " 0zdy

v 9xdv | oyov ()
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Bo Bcex paccMOTPEHHBIX CHyYadX clipaBejjuBa opmyna

dz 0z
dz—a’—cd +a—dy

(ceoiicmeo unsapuanmuocmu noaAHozo dugdepenyuara).
Z 2
MIpumep 3. Haitru 3_ u a—-, ecam

Ju dv

cie

z=f(x, y), TAE X = UV, Y =

Peurenue. [Ipumenas dopmynsl (3) u (4), mosyunm

gz =fl(xyv+T, (x,y)—
u
u
92 _ f1 (x, yhu - 1, (x, 1) %
v XY y X ¥ 02
Opumep 4. Ilokasars, 4To QyHKIUA 2 = (p(x2 + yz) ynomré’rnopae’r ypasB-
HEeHHUIO ygi - xg-; =0, ‘

P e 11 e H ¥ e/ OYHKIMA (¢ 3aBUCUT OT X U J 4epes npomemy'roqnmu ApryMeHT

x + y = {, O3TOMY

0z dzot o2 2

—_—= L = x° + 2x

ox dtox ®’( ¥

n .

dz _ dzot 2 2
= x + 2y.

3 didy o'( Yy )2y

TozcTaBMB YaCTHBIE NPOUBBOJHBIE B JIBYIO YaCTh YpaBHEeHHUdA, OyAeM uMers
0z _ Bz

yz = yo'(c® + yH2x — 20" + yH)2y =
dx ay

= 2xy@(x® + ¥y - 2xyp’(x® + ¥y =0

T. e. QYHKIHA 2 YAOBJIETBOPAET AAHHOMY YPABHEHUIO.

dz

1856. Haiitn T ecau
z= fcy-,\mex=et, y=Int.
1857. Haiitu da% , ecau
u=lnsin_j—&,rnex=3t2,y= Jif_z:—_l

1858. Haiitu ((—11% , eCJIH

u=xyz,rnex=t2+1,y=1nt,z=tgt.

§ 5. ludpdepeHupoBanye CI0KHELIX QYHKITHIE

187

1859.

1860.

1861.

1862.

1863.

1864.

1865.

1866.

du

Haiitu ——, eciu
dt

u =

2
Jxi+y?

Haittu dz , €CJIU
dx

Haitt

Haiir

Haiit

Haiir

— X ;wl
z—-arctg;, rge x = u sinv, y = ucosv.

Haimur

IToxasats, uTo eciau

L .
Meendi

,rie x = Rcost, y=Rsint, z=H.

v .
Z=u,raeu=sinx, v = cos x.

dz
dx

— " —, ecau
dx

z=arctg ¥ uy=x°.
X

0z dz

U — U —, €CJIH

ox dx

z=2x rae y = @(x).

0z 0z

A — MU —, €CJIA

dx  dy

z=fu,v), neu=x"-y, v=e

0z 0z

xy

H — H —, €CJIn

du dv

0z 0z

U — U —, €CJIK

dx  dy

z=1f(u), tneu=uxy+ <.
X

u= (D(xz + y2 + 22),

rge x = Rcos@pcosy, y = Rcos @ sin vy, z = Rsin ¢, To

a_uz

J¢

1867. Haiitn du , eCJIu
dx

u=f(x,y, 2),

u %

v =0.

rae y = ¢(x), 2z = y(x, y).
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1868. IIokasaTrs, 4TO ecJix

2= f(x + ay)’
rpe f — pnddepennupyemas QyHKIUA, TO
dz _ o0z
% a 3%
1869. IToxkasaTh, uyTo QYHKINA
o = f(u, v),
raeu =x + at, v =y + bt, y,lmBneTBOpae'r YPaBHEHUIO
ow aw
v = b
ot ax

1870. IlokasaTh, 4T0 QyHKIUA .

z = yo(x” - y)

YIOBJIETBOPSET YPABHEHUIO ,
1oz | 1oz _ 2

x0x  yoy ;5
1871. IlokasaTh, uTo QYHKIHUA
= + 2)
z=2xy x(p(x
YOBJIETBOPSET YPABHEHUIO
dz 0z

% 4+
oz T Yoy

1872. IlokasaTb, 4TO (hyHKIUA

Eal
y 2y
z = e’plye

dz 0z _
y)é— Y3, xyz.

=xy + 2.

YAOBJIETBOPAET YPABHEHHIO

(* -

1873. Cropora npaMoyrogbHuka x = 20 M Bo3pacTaeT CO CKOPOCTHIO
5 Mm/c, gpyrasa cropora y = 30 M y6riBaeT co ckopocThio 4 M/c. C kaxoi
CKOPOCTBIO U3MEHAIOTCA ePUMETD M ILJIOIIAAb IPAMOYTOJbHUKA?

1874. YpasHeHUA ABUMKEHHAS MATePHAJbHOHR TOUKYU

x=t y=1t,z="=.
C KaKoH CKOpPOCTBIO BO3PACTAET PACCTOAHME 3TOH TOYKH OT Ha4daja Ko-
opauHat?

1875. lIBa Temnoxona, BHILEAIINE OZHOBPEMEHHO U3 IYHKTa A, NBU-
JKYTCA ONUH Ha ceBep, APYroi Ha ceBepo-BOCTOK. CKOPOCTH NBHXKEHUSA
TeroxonoB: 20 km/4 u 40 kM/u. C Kakoi cxopoc'rmo BO3pacTaer pac-
CTOAHUE MEXAY HUMH?

§ 6. IlponssosHan B JAHHOM HANPABJIEHHH M TPAZMEHT DYHKIHH 189

§ 6. IlpousBogHada B JaHHOM HAIpaBIeHHH
H rpagneHT QyHKIUH
1°.IIpousBosHas GYHKIO UK B JAHHOM HANIDABAEHHHN. IIpo-
B —>
u3so0nolt dynxuuu z = f(x, y) 6 dannom nanpasaenuu l = PP, naswiBaerca
- (P~ 1(P)
al P,P—0 p,pP ’

rme f(P) u f(P,) — aHadenus pyHKuuM B TouKax P u P,. Ecnn dynxuua z aud-
(hepennupyema, TO cupaBeAiusa dopmyaa

oz _ dz dz Y .
9z + 92 P,(x,;
3 axcosot aysmoc Q) . (xiy,)
rae O — yroJj, obpasoBaHHBIH BexTopoM l ¢ oceio OX A L.
(puc. 67). P(xy)
AHaJIOTMYHO OlpeJenseTca IPOU3BOHAA B JAHHOM Ha-
npasjieHnuH | 1A QYHKIUY Tpex apryMeHToB u = f(x, y, 2). ol X
B atom cayuae
Puc. 67.
Ju _ du
=~ COS O + 3% 3%
T ok 0S cos B + cos Y, (2)

rae o, B, Y — yriel Meskly HanpasieHHeM | M COOTBETCTBYIOIINME KOODAHHAT-
sbiMu ocaMH. IIpowssoanas B JaHHOM HaIpaBJIEHHH XAPAaKTEePHU3YET CKOPOCTH
U3MeHeHUs PYHKIMH B 5TOM HAIIPABJEHHH.

IIpumep 1. Halitu npoussoguyio GyHKOUY 2 = 2x% - 3y2 B Touke P(1; 0)
B HalpaBJIeHUH, COCTaBIAIOILEM ¢ ockio OX yrox 120°.

Pemenue. Hailjem uacTHbIe IPOU3BOJHbBIE TAHHOM GYHKIUN B UX 3Ha-§
YeHHUA B TOUYKe P:

% 4x; (a—z) = 4;
ox ox/p
dz 0z
~ = —6y; (—) = 0.
y 3y/p
3nech

cos o = cos 120° = —% ,

‘ sin o = sin 120° = g

IIpumensaa ¢opmyny (1), monyyum

2 _ 5
% 4(§)+0 2~

3HaK MHHYC ITOKA3bIBAET, YTO (YHKIUA B JAHHOH TOYKE M B JAHHOM HamnpaBbJie-
Huu yObiBaer. . . eeod
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2°.TpaguedT pyHuKuuu I'paduenmom GyHkuum z = f(x, y) Ha3bIBa-
eTCA BeKTOP, NPOEKIMAMH KOTOPOr0 Ha KOOPAMHATHBIE OCU ABJIAIOTCA COOTBET-
CTBYIOII[ME YACTHBIE IIPOU3BOAHBIE NAHHON QyHKINH:
grad z = 22-1+ az] (3)
dx Jdy
IIpounssoaHas faHHON PYHKIMU B HanpaBJaeHuM [ cBA3aHA ¢ rpafneHToM QyHK-
oum caeaymomieil GopMynoi:

0z

. 3 up, grad z,

T. €. IPOM3BOAHAA B JAHHOM HAIIPaBJE€HUM DABHA IPOEKIWH IpaguesTa GyHKIUH
Ha HanpaBieHUe AuddepeHIUPOBAHUA.

TpagueHT GYHKIHUKA B KaXKJOH TOUKe HAIPaBJeH II0 HOPMAaJH K COOTBETCT-
ByIOIIel JuHUK ypoBHs Ppyurnuu. HanpaeneHue rpagueHTa QyHKIMY B JaHHOH
TOYKe €CTh HanpasjeHue Hamboubilelf CKOPOCTH Bo3pacTaHuA GYHKIUHN B 3TOH

dz.
Touke, T. e. ipu [ = grad z npoussoaHas 5 HPHMHMMAeT HanboJiplllee 3HAYEHHE,

e

o BE)

AHasoruyHo onpeenaseTcs rpagueHT QYyHKIMM TpeX IepeMeHHBIX U = f(x, y, 2):

paBHOE

¢ du du
‘ ( gradu—a—1+a ]+azk 4)

T'paaueHT GQYHKUMHE TPEX [IePEMEHHBIX B KaXKJOi TOYKe HAIIpaBJIEH IO HODMAJH
K MOBEPXHOCTH YPOBHSA, MPOXOAAIIEH Uepes 3Ty TOUKY.

. 2
IIpumep 2. Haiitu u noctpouts rpaguesT GyHKIUY 2 = Xy B Touke P(1; 1).
Pemenwue., BeluucamuMm YacTHBIE IPOM3BOJHBIE M HX
3HAUYEHMA B TOuKe P:

dz az)

= = ; = =2
dx 2xy (ax P

0z 2 (az) _
— =X = =1.
dy 9y/p

Puc. 68.

CnepoBarensHo, grad z = 2i + j (puc. 68).
1876. HaiiTy Ipou3BoIHYI0 QYHKIMY 2 = Prae xy — 2y2 B Touke P(1; 2)
B HampaBJIEHHH, COCTABIAIONEM ¢ ocklo OX yrox 60°.

1877. HaliTi npou3BoAHYI0 QYHKIIUH 2 = X - 2x2y + xy2 + 1 B TOUKe
M(1; 2) B HanpaBJeHUH OT 3TOH TOUKHU K Touke N(4; 6).

1878. HaiiTn npoussoauyo GyHKIUHA 2 = In ;\/x2 + y2 B Touke P(1; 1)
B HalpaBJIeHNH OHCCEKTPHUCHI IIePBOr'0 KOODPJUHATHOIO yIJia.

§ 6. IlponsBoanas B JaHHOM HANPABJICHUH M TPaHeHT QYHKIMHN 191

1879. Haiitu npousBofuyio OYHKIUYU U = X - 3yz + 5 B ToukKe
M(1; 2; —1) B HanpaBJIEHUH, COCTABJIAIOILEM OAMHAKOBBIE YIJIbI CO BCEMH
KOODJAMHATHBIMHA OCAMH.

1880. Haiitn npousBoanyio QyHKuuu u = xy + yz + 2x B TOUKE
M(2; 1; 3) B HanpaBieHHH, UAYLIEM OT 3TOM TOUKH K Touke N(5; 5; 15).

1881. Haiitu npoussoauyio dysknuu u = In (e* + €’ + ¢”) B navane
KOOpAMHAT B HalpaBJeHUH, obpasyiouieM ¢ ocamu Koopgunar 0X, OY,
OZ yripl, COOTBETCTBEHHO, O, B, Y.

1882. Touka, B KOTOpOI IPOU3BOAHAS DYHKIMHU B JI06OM HaIpaBJIe-
HUUY paBHA HYJIO, HA3BIBAETCA CMAUUOHAPHOU MOYKOU 3TOM PYHKIHHU.
Haiiti cranmonapHbie TOUKH CIEAYIOIMX (DYHKIIHIA:

a)z=x2+xy+y2—4x—2y;
6)z=x3+y3—3xy;
B)u=2y2+zz—xy—yz+2x.

2
1883. ITokazars, 4TO IPOU3BOAHAA QYHKINH 2 = -’-i- , B3ATaA B N1060i

2 2 2
TouKe synunca 2x” + y = C° BHOJNBb HOPMAaNH K 3JUIMICY, PABHA HYJIIO.

1884. HaiiTu grad z B Touke (2; 1), ecan

=+ y3 - 3xy.
1885. Haiitu grad z B Touxe (5; 3), ecan

z= sz - y2 . )
1886. Haiitu grad u B Touke (1; 2; 3), ectu u = xyz.
1887. Haiitu Mmoaynp u Hanpasienue grad u 8 Touke (2; —-2; 1), ecan”

2 2 2
u=x +y +=z.

1888. Haiitu yroa mexxay rpagueatamu dynknuu 2 = In £ B roukax
x

1.1
A(_; —) ; 1),
59 7) ¥ B(1; 1)

1889. HaiiTu yros HakjsoHa HauGOJBIIEr0 HONBEMA MOBEPXHOCTH

z=x"+ 4y2
B Touke (2; 1; 8).
1890. ITocTponTs BEKTOPHOE II0JI€ TPAJHUEHTA CAEAYIOIUX DYHKIHIA:
a)z =x +y; B)z=x2+y2;
6) z = xy; r)u=———1——;'.

2, 2 2
Nxi+y“+z
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§ 7. Iponssoannie u auddepeHUANsl BHICIIMX MOPAXKOB

1°.YacTHbBe NIPOU3BOAHBIE BLICIIUX NOPAAKOB. acmHbl-
MU npou3sodnbimu 2-20 nopadka QYHKIUU 2 = f(x, y) HA3LIBAIOTCA YACTHBIE
[IPOM3BOAHEIE OT €€ YACTHBIX IIPOU3BOJHBIX 1-ro MOPAAKA.

I1s MPOM3BOAHEIX 2-TO HOPAAKA YIOTPEGAAOTCH ob03HaAYeHN A

d 0z a FA—
5w (5) =55 e

d (92 _ %2 _
5._1/ (&—) axay fxy (x,y)ur. A

AHAJIOTHYHO OLpeJIe IAI0TCA ¥ 0603HAYAIOTCA YACTHBIE IPOMBBOJHEIE IOPAAKA
BhIlIE 2-TO.

Ecnu yacTHBIE IPOM3BOAHLIE, MOAJIEIKAIIME BLIYACIEHNIO, HEIPEPHIBHEL, TO
pesyabmam MHOZOKPAMHO20 OupdepeHyuposarus He 3asucum Om nopsadxa
dughdpepenyuposarua.

Mpumep 1. Hailtu yacTHbIe TPOMIBOAHBIE 2-TO HOPSAKA OT QYHKIINH
z = arctg x,
y

Pemenue. Hajigem cHauana JacTHBbIE IPOM3BOAHEIe 1-T0 HOpPAAKA:

oz _ 1 1 _ 'y
ox 2y 2. 2’
1+x—2 x ty
y
dz _ 1 (_i)__ x
5" ; 2 2 2 2
y 1+3C—2 y Xty
y

32_2=_<’9_( v ) -2,
ax> 9% \xPiy (22 + %’
3’z =i( x )= 2xy
y* W\ x+y (x2+y2)2’
iz _ 3 ( y )___1-(3c2+y2)—2y-y= £’ -y’ )
oxdy oy x2+y2 (x2+y2)2 (x2+y2)2

3aMeTHM, UTO TAK HA3BIBAEMYIO «CMEINaHHYIO» YACTHYIO IPOU3BOMHYIO MO
HO HAWTH U MHaAYe, a MMEHHO!:

2 2
-y
2
(X +y%)

- 1-(x2+y2)—2x-x -
=+’

9“2 _ dz =i( x )
0xdy oyox 9x \ x%4y%

§ 7. Ilpoussoansie n guddepeHINANE BRICHINX ITOPAAKOB 193

2°. AIudpdbepeHsnuaasbl BRICHIUX IODAAKOB. Jupdepernyuanom
2-20 nopadkxa dyuxrnuu z = f(x, y) HassiBaerca guddeperuuan or auddepeH-
puana (1-ro nopsaka) sToil GyHKINH

d?z = d(dz).

AHaJOTHYHO onpeAensdorca AuddepeHIuanst QYHKIUK 2z HOPAAKA BbILIE
2-ro, HaupuMep
3 2
d’z = d(d"2)
¥, Boobme,
-1
"z=dd" " “2).
Ecmu z = f(x, y), rae x ¥ y — He3aBUCHMbIe IePEMEHHbIE ¥ PYHKINA [ HMeeT
HempepbIBHLIE YACTHBIE IPOU3BOAHBIE 2-TO NOPAAKA, TO Auddeperuman 2-ro no-
pPAZKa (MGYHKIUM 2 BEIYUCAAETCA 1O popmysie
o’z o’z

2
dz—a—;d +2aa

dx dy + Q__z_ dy (1)

Ay’
Boobme, npy HAJIHYHH COOTBETCTBYIOIIMUX MPOHU3BOAHLIX CHpPABEAIMBA CHM-
BOJIMYECKana (popmyna

n
d"z =(dxi + dy—q-) 2,
ox dy
KOTOpas (JOPMAJILHO Pa3BePTHIBAETCA 110 GMHOMHAIBEHOMY 3aKOHY.
Ecau z = f(x, y), rie apTYMEHTHI X U i CYTh QYHKIIMM OLHOI'O HJIN HECKOJILKUX
HE3aBHUCHUMBIX II€DEMEHHBIX, TO
0z

dz-azd +2azdxd +azd + 92

d’x + 95 d%y. - (@)

2 2
Ecnu x ¥ y — He3daBuUCHMEBIe nepemenusie, To d'x = 0, d"y = 0 u dopmyna (2)
CTAHOBHTCS TOXKJAecTBeHHOH dopmyne (1).

IIpumep 2. Haittu nonuste quddepeHnmanst 1-ro ¥ 2-ro nopAAKOB QYHKIUHA
2 2
z2=2x" —3xy -y .
Pemenwne. 1-it cmoco6. Umeem

g—xz- = 4x — 3y, g—; = -3x ~ 2y.
TloaTomy
dz = gz dx + gz (4x — 3y) dx - (3x + 2y) dy
Hanee,
Eﬁ{ =4 _8_2_2_ = -3 9%z -2
ax? > 0xdy ’ oy ’

OTKyJAa CIexyer

_az 3%z
d’z Py dx +288

dxdy + == 2z dy —4dx - 6dx dy - 2dy
oy’

T 3azaum B ynpaxHeHHs
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§ 7. ITpouzsonusie u qudpdepeHUATLI BRICIIUX TOPAAKOR

195:

2-it cunocob6. JdubdepernupoBaHNeM HaAXOANM
dz = 4x dx — 3(y dx + xdy) - 2ydy = (4x — 3y)dx — 3x + 2y)dy.

,T.[n(bd)epennnpya ellfe pas ¥ MOMHS, 4TO dx u dy He 3aBUCAT OT X U Y, nonquvx

d’z = (4dx — 3dy) dx — (3dx + 2dy) dy = 4dx® - 6dx dy - 2dy

2?2z 9%z 82

1891. HaiiTu ™ 3 Jxoy’

2, ecnn

x2 .l:l2
z2=c ,——+— .
PERRY
1892. Haiitu i’z 2 CH Z, ecJan
3 ,

axt oxoy’

z=ln(x + y).

2
1893. HaiiTu 0z , eCJIH
dxdy

= «/2xy+y2 .

2

1894. Haiitu 9z , ecam
oxdy

z = arctg I_J’}y—y .

2
1895. Hairru L7, ecou

ox
r= Jx2+y2+zz.
1896. HaiiTu Bce uacTHbIe IPOU3BOJHEIE 2-T0 NOPAAKA byHKI Y
u=xy+yz+ zx.
3

w ]
1897. HaiitTu T ecnan o
u=xy 2.
as
1898. Haiitu 5 » €CIIM
0xdy

z = sin (xy).
1899. HaiitTu f;'x 0, 0), f;'y 0, 0), f_,;'y (0, 0), ecu
fe, y) = (A + 0)"A + ).

1900. TToxazaTs, 4TO _a_iz_ = .ﬁzi
i dxdy  oyox’

= : XYy
z = arcsin  [—=.

ecliu

2 2

1901. IToxka , 9z _ 9z
3aTh, YTO 5% 5595 ° ecau

z=x".

1902*. IlokasaTh, YTO AJA PYHKLOHHK

2 2
== x —y
fix, y) = xy—5—=;

x“+y
¢ no6aBounsIM yeaosueM f(0, 0) = 0 umeem
fe, 0, 0)=-1, (0, 0) =

2 2
1903. Haiitu d’z _Q_z_ & Z, ecam
ox d

z = f(u, v),

2 2
raieu=x +y,v=2xy.

2
1904. Haitrn 2%, ecan
dx

u=f(x,y, 2), rae z = (p(x,'”y).

2 2 i 2
1905. Hajiru 0.2, 92 92

o 3oy g2

z = f(u, v), toe u = o(x, y), v = Y(x, y).

1906. IToxasaTp, uTo GyHKIUA
u = arctg ¥
x

yAoBjeTBopsieT ypaBHeHuIo Jlannaca

1907. Iloxa3aTs, 4To QyHKIUS

u=1n-1-,
;

rae r = Aﬁx—a)2+(y—b)2

u y Fu _ g
ox’ ay2

yaosnersopsier ypaBHenuio Jlanaca.
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§ 7. Ilpoussoaurle u guddepeHIHUATEL BRICIITUX [IOPSALKOR 197

1908. ITokasaTs, uTo QyHKIUA
u(x, t) = Asin (aAt + @) sin Ax
YAOBJIETBOPAET YPAaBHEHUIO KoJieGaHuil CTPYHEL
ot? ax?
1909. ITokasars, uTo PyHKLHA

(x—20)  +(y-yo) + (2= 2)°
1 4a2t
-—-———3 e
(2aJnt)

(xg> Ygs 2p» @ — TIOCTOSIHHBIE) YAOBIETBOPAET YPABHEHUIO TEeILIOIPOBOJ -
HOCTH

u(x’ Y, 2, t) =

du 2 (0%u 3%u d%u
= =a | —=+—=4+=].
ot [axz ayz aZZ )

1910. ITokasarse, yTo PYHKIHA
u=@(x - qt) + y(x + at),

rae ¢ 1 Y — NpoM3BOJIBHBIE JBAXABL AuddepeHnyupyemMele QYHKIIM,
YAOBJIETBOPAET YPABHEHUIO KOJIE0AHUI CTPYHbLI

2 2
d“u 2
=a8u

ot? ox®

1911. IToxasars, uTo QyHKIUS

=xe (9 +v(Y

YAOBJIETBOPSET YPaBHEHUIO

1912. ITorasars, 4yTo PyHKIUS

u = o(xy) + Jxyw (%)

YAOBJIETBOPSAET YPABHEHUIO

20%u 20%u

X — — e, =

1913. ITokasars, uyTo dyHknus 2 = flx + ¢(y)} ynosiersopaer ypas-
HEeHMIO
9z 9% _ 2:9%
9x0x0y oY yx?
1914. Haiitu u = u(x, y), ecau
o%u -
d0xdy
1915. Onpegenuts Bua GyHKIUH u = u(x, y), ynognewnopammeﬁ
ypaBHEHHIO

2
Iu _ o,
ox
1916. Haiitu dzz, ecan
xy
z=e",
1917. Haiitu d2u, ecJIu
u = xyz.

1918. Haittu dzz, ecnu
z=@(t), rae t = &+ yz.

1919. Hajitu dz u d’z, eciu

z=u", Tne u = g, v = xy.
1920. Haiitn dzz, eCIH ‘
z = f(u, v), rae u = ax, v =by.

1921. Haiitu d°z, ecan
z=f(u,v), raeu
1922. Haiitn d’°z, ecim
~ z=c¢"cosy.

1923. HaiiTi nuddepernnuan 3-ro NopagKa QyHKINHY
z=xcosy + ysinx, g

X
xe’, v=ye.

OIIpeeJINTh BCe YaCTHhBIE IPOU3BOAHBIE 3-ro nopAajgKa.
1924. Haitu df(1, 2) u d°f(1, 2), econ
f(x, y)=x2+xy+y2—41nx— 10 1In y.
1925. Haittu df(0, 0, 0), ecu
f(x, y, 2) = © + 2y2 + 3822 - 2xy + 4xz + 2y=.
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§ 8. HHTerpupoBaHMe MONHBIX audrdepenuuanon

1°.Ycnosue monuoro Anddepernuuana. Ina Toro 4rodor BeI-
paskenue P(x, y)dx + Q(x, y) dy, rae pyuakumMM P(x, y) 1 Q(x, y) HenpepbIBHB
B OHOCBSA3HOI 06s1acTH D BMecTe CO CBOMMM YaCTHBIME OPOM3BOAHBIMH 1-ro mo-
DARKAa, mpeAcTaBaAno coboit B obnactu D mOIHBIH Anddepernuan HeKoTOpoit
$YHKIMEA u(X, y), HEOGXOAMMO M JOCTATOUHO BBHINOIHEHME YCIOBHA

9 _ op
ox dy’
IIpuwmep 1. Yﬁezfu'rbca B TOM, YTO BhIpa)keHUe

(2x + y)dx + (x + 2y) dy

€CTh NonHbIH guddepernyan HEKOTOPOH ()YHKIMM, X HANHTH 3Ty GyHKIHIO.

Pemenune. BgarHoMm cayuae P = 2x +y, @ = x + 2y. Iosromy (—;—g = —aaiy) =1
H, CJIeAOBATEJILHO,

(2x + y)dx + (x + 2y)dy = du = du dx + ou dy -

Jox dy

riAe u — HUCKoOMasa GyHKNHuA.

ITo ycnosuro, g—z = 2x + y, cnenoBaTenbHO,

. u=f(2x+y)dx=x2+xy+(p(t).
Ho, ¢ apyroii cropons, g_u =x+¢(y)=x+ 2y, orryaa oY) =2y, o(y) = y2 +Cu
(4
u=x*+xy+yi+cC
OkoHYATeNbHO ;
@Cx+y)de +(x+ 2y)dy = d(ac2 + xy + y2 + C).
2°.Cnyvaii TpexX NepeMeHH bI X. AnxnaJjiorn4so, BeEIpaskeHue
P(x, y, 2)dx + Q(x, y, z) dy + R(x, Y, 2)dz,

rae P(x, y, 2), Q(x, y, 2), R(x, Y, 2) — HempepBIBHbIE, BMECTE CO CBOMMM Ya-
CTHBIMU NPOU3BOAHEIMU 1-ro mopaAsKa, GYHKIMM ITepeMeHHbIX X, y ¥z, Torga
U TOIBKO TOT/a IPeACTaBRAeT o060 NONHbIN Auddepernuan HeKOTOpO# QyHK-
nuu u(x, y, z) B IPOCTPAHCTBEHHO ONHOCBA3HOM obsactu D, xorza B D BBImO-
HEHBI YCJIOBUA

E)i) - QI_’ JR _ 0@ a_P - OR

dx dy’ oy 9z 0z ox’

IIpumep 2. V6enursca B TOM, YTO BBIPpa’KEeHHE
(Bx” + 3y - 1)dx + (2* + 32) dy + (2yz + 1) dz

€CTb MOJIHBII AU(depeHnan HEKOTOPOH QYHKIMM, ¥ HaiTH 3Ty PYHKIHIO.

§ 8. MuTerpuposanue noJHuIX auddepeHnnanos 199

Pemenue. 3necr P = 3x2 +3y—-1,Q@= ;:2 + 3x, R = 2yz + 1. Ycrauas-
JAUBaEM, YTO

oQ _ oP _

9x 9y

H, CJe0BaTEJIbHO,
(Bx2+ 8y — 1)dx + (2> + 3x)dy + (2yz + 1) dz =
Ju Jdu du
= — + = dy + = dz,
x Pty Yty
riae U — ucKoMasa GhyHKIuA.
Hmeem

OR _3Q _,, P _3R _

dy 0z 0z 0Jx

U _ g2 1 3y -1,
ox

3HAYMT,
u=I (3x2+3y—1)dx=x3+3xy—x+(p(y, 2).
C Apyroi cTOpOHBLI,

Ju o9 _ .2
— =38x+ <+ =2" + 3x,
dy x dy

du _99 _ g, 41
%2 % ¥Th

OTKYZAa 8__(p =2'n a_(p = 2yz + 1. 3afaya CBOAUTCA K OTBICKAHMIO QYHKIMHK ABYX
dy 0z
nepeMeHHBIX Q(Y, 2), YaCTHbIe NMPOM3BOAHBLIE KOTOPO M3BECTHLI M BLIIOJIHEHO

ycJioBHue nojiHoro augdepennuana.
Haxoxum ¢:

oy, 2) = I 2 dy = y2* + w(2),

E;_(p =2yz+y'(2)=2yz + 1,
2

v(@E) =1L wz)=2+C,
T.e. O(y, 2) = yz2 + z + C. OxOHYATENBHO NOJYYHM

u=x3+3xy—x+yz2+z+C.

V6eauBiInck, 4TO NaHHbIE HUXKE BBIPAYKEHHUS ABJIAIOTCA IOJHBIMH
quddepeHIuaAIaMA HEKOTOPEIX DyHKIWiA, HAUTH 3TH QYHKIHM.

2x-y
1929. *+2¥ gy — dy.
1926. y dx + x dy. 1y i

1
1927. (cos x + 3x7y) dx + (x° - y*) dy. 1930. ; dx - ylz dy.

1928, (X +2y)dx+ydy 1931 —* _ dx+ Y dy
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§ 9. AuddepeHIHPOBAEHE HEABHBIX GyHKOMH 201

1932. OnpegennTs nocTossHHbIE @ U b TaK, YTOGHI BhIpaXKeHUe

(ax®+ 2xy +y?)dx - (% + 2xy + byz)dy

2 2.2
(x"+y")

ObL10 moJaHBIM AubdepeHIATIOM HEKOTOPOH GYHKNUM 2z, U HAHTH ITO-
CJIeAHIOI0. '

Y0enuBmucey, YTO JaHHBIE HUXCE BBIPAYKEHUS SBISIOTCH NOJIHBEIMH
AubdepeHuranaMi HEKOTOPLIX GYHKOMH, HAWTH TH byHKIIHH.
1933.(2x+y+z)dx+(x+2y+z)dy+(x+y+22)dz. ‘
1934. (3x2 + 2y2 +32)dx + (4xy + 2y - 2)dy + (8x — y - 2) dz.
1935. (2xyz ~ 3y°z + 8xy” + 2) dx + (x°z — 6xyz + 82%y + 1) dy +
+ (x2y - 3xy2 + 3) da.
1 =z 1 x 1 x
1936. (g—;a) dx + (E_P) dy + (;-?) dz.
1937 xdx +ydy + 2dz
Nt + v+ 2t
1938%*. laubl IpOEeKIUK CHJIBI HA OCH KOODIWHAT:

X=_14
p)
(x+y)
rae A — NOCTOAHHAsA BenuumHa. Kaxkos AOJKeH ObITh Koaddunuent A,
4TOOBI CHJIA UMeNa IIOTeHIuaN?

1939. KaxkoMy ycaoBHIO NOJKHA YAOBIETBOPATL dyHKuua f(x, y),
4TOOBI BBHIpaXKeHHe

Y = Ax
(x+y)*

.
2

f(x, y) (@dx + dy) -,

6110 mosHLIM puddepennuanom?
1940. Haittn byHknumio u, ecau

du = f(xy)(ydx + xdy).

§ 9. JuddepenunpoBanne HesBHBIX byHxui

1°.Cryvait onHOM He3aBUCHU MO nepemeHHoi. Eciu ypas-
Henwme f(x, y) = 0, rae f(x, y) — muddepennupyeMan QyHKIKUA TePEMEHHBIX X
U Y, OnpefensaeT § Kak GYHKIMIO OT X, TO IPOM3BOAHAS BTOM HeABHO 3aiaHHON
(GYHKIUY OpPU YCIOBHH, YTO f; (x, y) # 0, MoxxeT 6BITL Halifena no dopmyse

dy _ _F: (x,y)

dx f; (x,y) ) 1)

IIponsBoasbie BLICIINX HOPAKKOB HAXOAATCH IOCJAELOBATEIHHEIM muhhepenun-
poBanueM popmyasl (1).

2
. dy dy
NMpumep 1. Haitu dx u ﬁ,ecmx
-3t +hH+1=0.

Pemen ue OGosHauas JEByHO HUacTh AAHHOrO ypasHeHua uepes f(x, Y),
HaiieM JaCTHbIE IPOU3BOJAHBIE

f(x, =3 + )’ 2x - 8-2x = 6x[(x* + Y)Y’ — 1],
£ (e, y) =86 + ¥y 2y - 3 2y = 6yl(” + ¥ — 1),
Orcioga, npumenas ¢popmyay (1), moiayyum
dy _ [xy) _6xl( g -1 x
dx T, (=Y gyit+yd’-11 Y

Yro6ni HAITH BTOPYIO IPOMBBOAHYIO, IPOAN((pepeHINpYeM 110 X Hz.mnenuylo nep-
BYIO IDOMSBOJHYIO, YIUTBHIBAA IIPH 3TOM, 4TO J €CTh QYHKUHUA X:

v
‘ d2y d(x);__l.y xﬁ_y y =yz+x2

y

2 3
y2 y y

2°.Cnyuaifi HECKONBKHUX HEe3aBHCHMBIX nepemeﬂnm)é.
Amnanormuno, ecau ypasaenwue F(x, y, 2) = 0, rae F(x, y, 2) — ,umb(l)epeﬂunpzn;
Mast pYHKIUA TepEMeHHBIX X, [ ¥ 2, ONpeAessaeT Z KaKk QYHKIII0 Hesa;n;:;vaHo
’ HM3BOAHBIE 9TO
mepeMeHHBIX X M Yy B F (x, y, 2) # 0, TO yacTHBIE IIPO )i

3afaHHOH QYHKIMN MOryT GbITH HaliZieHbI IO GOpMYJIaM

() 9z _ _Fy (%, y,2) , dz _ _F% (x,y,2) . @
dx.) - F,(x,y;,2) oy F, (x,y,2)

dx2=a

JIpyroit crioco6 HaXO0XAEeHUA NPOU3BOAHBIX QYHKUMY 2 caenyooiuit: auddepen-
nupys ypassenne F(x, y, 2) = 0, noayuum

JoF oF JoF _
S dx+ = dy+ = dz=0.
ol ox dy YT 5z
) dz dz
OTcIoa MOXKHO onpeaeauTs dz, a CIe/I0BATEINBHO, % Hu @ .
. 0z dz
IIpumep 2. Haiitu o u gy, eclIn

x2—2y2+322—yz+y=0.
Pemenne. 1-it cmoc o6. Ofosnauas JeByI0 4YacTh JAaHHOI'O yPABHCHUA
yepes F(x, y, ), HalijeM YaCTHbIE IPOM3BOAHBIE: , B )
F, (x, y, 2) = 2x, F; x,y,2)=-4y—2+1,F,(x,y,2) =6z~ y.
IIpumenus gopmyisl (2), mOayYnM
0z F,(x,y,2) _ 2x 9z _ _Fy(xy2z) 1-4y-z

dx  F,(xyz) 6z-y dy F,(x%y2) 6z-y
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2-it cmoco6. [uddepenunpys AanHOe ypapHEHHe, HOAyIaeM
2xdx - 4ydy + 62dz — ydz — zdy + dy = 0.
Orcrona onpenensem dz, T. e. nonustit AuddepeHnnan HeaBHOR GYHKIUM:
dz = 2xdx+(1 -4y -2)dy )

y—-6z
d "9
CpaBHuBasn ¢ popmyoit dz = 'GTZC dx + 55- dy, Bugnm, ure .,
Y

0z 2x 0z _

3°.CncremMa HeABHH X GYHK I U i. Ecan cucrema ABYyX ypaBHeHMit
F(x,y,u,v)=0,
Gx,y,u,v)=0

onpezenser u u v Kak auddepeHnEPyeMble GYHKIMM TepeMeHHEIX X 1 Yy M AKOOHaH

OF oF
D(F.,G)_ | ou dv
= #0,
D(w,v) | 3G 3G
du odv
TO Au@dhepeHiiHais! dTUX GYHKLUI (a cnenona'rehbﬁo, M HX YaCTHEIE IIPON3BOA-
Hble) MOryT GBITh HalAEHHl U3 CHCTEMBI yPaBHEHMI

a—Fdx + a_de + ‘Edu + Q_lfdv =0,

dx dy Ju v @)
G oG G oG

—=d — pead T =

9% x+aydy+audu+avdv 0.

IIpumep 3. Ypasuenusa
utv=x+y, xut+yv=1

ONpPEAEAAOT & B VU KaKk QYBRKIUY OT X U Yy; HalTH Ou , du , v H v .
. dx’ dy’ dx oy
Pemenmne. 1-it cnoco6. Mupdepenuupya oba ypasHeHud 1o x, IOJIYIUM

du Jv
=+ = =1,
ox Ox
du ov
Uut+x— +y=—= =20,
ox yax
orcoaa
Ju _ _u+ty ov _ u+x
ox x~-y dx x-y
AnanornussiM 06pasoM Haiizem
du _ _v+y dv _v+y

dy x-y’ dy

L
!
o

§ 9. [luddepennuposanne HeABHEIX byHKIMH 203

2.3 coco6. MubdepeHIUpOBAHNEM HAXO/MM [(Ba YPABHEHN A, CBA3LIBAIO-
piue AuddepeHIRaNbl BCeX YeThIpeX NePEeMEeHHBIX:
du + dv = dx + dy,
xdu + udx + ydv + vdy = 0. -
PemuB aTy cHCTEMY OTHOCHTEJIBHO AU depeHnuasos du u dv, nonyuum:

du:_(u+y)dx+(v+y)dy, dv = (u+x)dx+(v+x)dy.
x—y x-y

Orcrona
Teon du _ _u+y du v+y

4°. MlapaMeTpuuYecKkoe 3ajaHue dyarunu Ecom gubdepeHnu-
pyeMas (GyHKUUA Z OT IIePEMEHHEIX X ¥ J 3aJiaHa napaMeTpUUeCKH YPaBHEHUAMH

x = x(u, v), y = y(u, v), z = 2(u, v)

"
o 2z
D(x,y) _|ou dv| ,q,
D(u,v) dy oy
du dv

10 puddepeHnman 3Toi QYHKIMH MOKeT OBITh HailfieH M3 CHCTEMBI ypaBHEHHNU

_dx ox
dx = Edu + a—vdu,

W+ % 4)
dy = Edu+ ﬁdv,

2z

dz

dz = 2Zdu + ==dv.

ou

ov

2 R
Buas puddepennnan dz = pdx + pdy, HAXOAUM HaCTHLIE IPOUIBOLHEIE ~= = p

= =q.

dy
IIpumep 4. PyEKUUA Z APTYMEHTOB

X B Y 3a/laHa YPaBHEHUAMH

3 3
x=u+v, y=u2+v2, z=u +v° (u=#v).

Haiitu Q-Z- H 9z

= Yo

Pentenmne. 1-it cuoco6. OuddepeHnupoBaHreM HAXOAUM TPH ypaBHE-
HMA, CBA3bIBaOMKe AudepeHInansl BceX MATH NepeMEeHHBIX:

dx =du + dv,
dy = 2udu + 2v (ziu,
dz = 3u® du + 3v° dv.
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W3 nepenix nByx ypasHeHwmi onpexenuMm du u do:

2vdx - dy _ dy—2udx
d —_— g 7 _antr
“TSe-w 0 YT 5o

Hoxcraeum B TpeTne ypaBHeHVe HaijfleHHbIe BhIDaxKeHns du u dv:

1942. IycTe y ecTh GYHKINA, ONPeJesieMas ypaBHeHUEM
x2+y2+2axy=0 (a > 1).
2 -
IMokasaTs, 4TO d_—yz = 0, 1 06'BACHUTDH ITOJIYYEHHBIA pPe3yabTaT.
dx
= gy22vdx—dy | 5 2dy-2udx _ 6uv(u-v)dx+30°-ud)dy _ i
o 2(v-u) i 2(v-u) 2(v-u) B 1943. Haiitu % ,eecomy=1+y.
=-3uvdx + g(u + v) dy.

2
1944, Hagre ¥ 1 4 Y,ecmy=x+Iny.

: dx
Orcroga dx
; dz _ dz _ 3 oy 5. Haiitu 3¢ a* -’/ ecnn
U« - _ oz . 9 . . Hautu =< n ’
3 3uv, 3wz (u+v) 194 Tt - 1 P
2 cmoc 086. Us 'I‘D(;TLeI‘O 3angngor£;o YDaBHEHUA MOKHO Hafitu: K | Loy t+yitxty-2=0
2 2 2 0 v i
£ = 3u a—: + 3v alf.; a; = 3u g—ly‘ + 3v? a; (5) ITosnp3ysAch NOJYYeHHBIMY PE3yJIbTAaTaAMU, IPUGIHIKEHHO u300pasnuTh
rpadMK AAaHHOH KPUBOH B OKPECTHOCTH TOYKM X = 1.
Hpoand)(pepeﬂnnpyem IIepBbIe ABa YDPaBHEHHA CHA4YaJa no X, 3aTeM 110 y: 1946. (Dyn}cunﬂ y onpenenHeTO‘ﬁ ypaBHeHHeM
_du_ v ou  dv
Tox T ax " 1= oy *a ‘ In A/x"’ + y2 = g arctg gy—c (a # 0).
0=2u%%4+2,% | o= 2u_+2u9‘_’ | . ,
dx dx dy dy’ . dy d%y
Haittn —= n —%.
W3 mepBoii cucreMs! Haiizem dx = dx «
ou v ov u . dy . d’y
o - s, U= . , . ay , CJIH
x v-u’ % T3 1947. HaiiTu I B e
U3 sropoit cucrems! Haitgem : 1+ xy— lnl (exy + e—xy) =0
du 1 du 1 ‘
— =, = = 3a/laHa ypaBHEHUEM
dy 2u-v)’ Jy 2v-u) 1948. ®ynKnua z nepemem;bxx x My 3an yp
2 9 2+ 2" + 2"~ 8xyz — 2y + 3= 0.
Ioacrasnsaa suipaskenna 22 u 22 » dbopmyny (5), moayuum
ox oy ‘ 0z 0z
: Haiitu I u 3"
2 _3,2 Y 4 gy = ~3uv, 9 9z -
ox v-u u-v 1949. Haiitu ¢ u 2%, ecnu
dz _ wi 1 +3v% - 1 (u + v). 9 %
dy  2(u-v) 2(v-u) u)

xcosy +ycosz -+ zcosx

1950. PyHKUuA 2 3a7aHa yPABHEHHEM
1941. ITycrs y ects Ppynknus x, oIipejiesifieMasn ypaBHEHUEM

x2+y2—z‘2—xy=0.

2 2
x ' —_—
= T y~2 =1. Haiiti 9z u 9z AJISA CHCTEeMbl 3HAYEHUH X = -1, y=0,2z=1
a b dx ~ dy
dy d? a® . 0z 0z 9z dz azz.ecnnx_2+-‘/_2+2_2=1
Haittu Z dxy " d_x% " 1951. Haiitn 5%’ 3 5—;5, Tk ayz, Z bE 2
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1952. f(x, y, z) = 0. IokasaTs, uro %X - % . 92 _ 4
dy 9Jz ox ’

1953. z = ¢(x, y), rae y ectb GyHKOUA X, ONpejenseMas ypaBHEHUEM

w(x, y) = 0. Haiiru 92,
dx

1954, Hajitu dz n dzz, ecaun
. v
x + y2 + 22 = az.
1955. IlycTs 2 ecTh GYHKIUA IEPEMEHHBIX X U Y, ONPe/ieisieMasd ypas-
HEHHEM

2 2
22 + 28 + 22 -8xz-z+8=0.
. 2
Haitu dz u d°z gns cucrems! sHavenmit x = 2, y =0, z = 1.

., 2
1956. Haiitu dz m d"z, ecim In 2z = x + y + z — 1. Yemy paBHBI 1poO-
u3BoAHbIe 1-70 U 2-r0 HOPAAKOB QPYHKIUH 2?

1957, IlycTte pyHKUMA 2 OnpefesndeTcs ypaBHEHUEM
2 2 2
x +y + 27 =@lax + by + cz),

TZe (¢ — IIPpOU3BOJIbHAA ,qnq)(bepeﬂunpyemaﬂ dbysknusa, a, b, ¢ — nocro-
aHnsle. Ilokasars, uto

(cy — b2) Z

0z
+ (az — cx) 22 =bx -
% (az — cx) 3 bx — ay.

1958. Hoxaaa'rb, 4T0 GYHKOUA 2, onpelenseMasi ypaBHeHHEeM
F(x —az,y—bz)=0,
rae F — npoussosnbHas guddepeHnupyemMas GyHKIMA CBOMX apryMeH-
TOB, YAOBJIETBOPAET YPABHEHUIO

0z |, 0z _
ag;+ba—y~—1

1959. F(f Q) = 0. ITokasartp, 4Tro 2 4 y =
ox ay

1960. ITokasaTth, yTo QYyHKIHUS 2, OoNpeleiAeMas ypaBHe}meM y =
= x@(z) + y(2), yRoBIETBOPAET YPABHEHHIO

az( )2_ ggz_az,raz(az -0
ox? \oy dx dy dxdy dy ax) o

1961. du)ymcunn Y ¥ 2 He3aBHUCHUMOM ITIepeMeHHOM X 3alaHbl CUCTEMOH
YPABHEHUI

2 2
x+y—zz=0,x2+2y2+322=4.
dy dz dzy d?z

Haiitu -2, , —2, — =~ npux=1 =0,z=
A’ 42 an? a2 o y=0,z2=1

1962. @YHKUVHK § U 2 He3aBUCHUMOH epeMeHHOH X 3a/laHbl CHCTEMOR

ypaBHEHW
xyz=a, x+y+z=>.

Haiitu dy, dz, d’y, d’z.
1963. ®yHKIMHK U ¥ U HE3aBUCHMBIX NEPeMEHHBIX X U Y 3afaHBl HE-
ABHO CHCTEMOH ypaBHEHHI
u=x+y, uv=y.

5O !
2
ancnn,rbau du au o’u 3u dv dv av d’v Q—;npnx=0’,
0y 3’ > 9xdy’ ay "ox’ oy’ x> > oxoy’ dy

y=1.

1964. ®yHKOMY U U U HE3aBUCHUMBIX NePeMEHHBIX X U Y 3afaHbl HE-
ABHO cucTeMoOil ypaBHEHUI

u+tv=x, u—yv=0.

Haiitu du, do, d2u, d%v.

1965. PyHKIUY U ¥ U NIEPeMEeHHBIX X ¥ Y 3alaHbl HESIBHO cucTeMoit
ypaBHEHUH

= @(u, v),. y = W(u, V).

du du v v
ox’ 9y’ 9x’ dy’
1966. HaiiTu:

Haittu

a)g—z ngf,ecnnx=ucosv,y=usinv, z = cv;
Yy
G2 Mg eenME = U v, Yy=u-D, 2= Ub;

u+tv -0
B)dz, ecmx =¢" " ", y=¢""", z2=uv.

1967. z = F(r, ¢), rae r 1 ¢ — GYyHKIUM NepeMeHHBbIX X U Yy, oupe-
HeysieMbleé CHCTEMOH ypaBHeHUMH
x=rcos@, y=rsingQ.

Haiiti _a_z " Eiz_

9x = dy
0z

1968. PaccmaTpuBas 2z Kak (PyHKOMIO X U Y, HAATH 3 7 @ , €CJIHI

x=acos@cosy, y=>bsing@cosy, z=csiny.

§ 10. 3ameHa TepeMEeHHBIX

IIpu 3aMéHe mepeMeHHbIX B AU((epeHINaNBHBIX BEIPAKEHAAX BXOLAIIME B
HHX TPOMBBOJHBIE CAEAYET BHIDA3HTH Yepe3 NPOM3BOAHBIE IO HOBLIM NEPeMeH-
HBIM, MCIOJB3Ys IpaBuia AuddepeHInpPOBaHNA CIOMKHDBIX QyHKLUH,
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=]
1°.3amena mepeMeHHBI X B BHIDAKEHMAX, COAEPKRAMHUX
OOGBIKHOBEHHEBIE€ NPDOM3BOLHELE.

IIpumep 1. IIpeo6pasoBaTs ypaBHEHHE

2d y dy , a
+ 2 —y=
dax? xdx xzy

noJsiaradg x = —:-.

u Pemenue. Brpasum mponsBofHBIe OT y HO X Uepe3 IPOUIBOAHEIE OT Y IO £.
MeeM

dy dy
dy _dt _dt _ _2dy
dx dx = _1 dt’
dt
: 1)
dy_d(dy) dt\dx dy . ,2d” 98 d a%y
-4 =2 |24 = = -] 2+9Y Y Y 4
o dx T G TR -t = dt+tdt

dt
HOJICTaBJIHﬂ Haffmenﬂme BbIpaXKeHUsd IIPOHU3BOAHBIX B JaHHOE ypPaBHEHHE M 3a-

1
MeHAA X yepea ? , NOJYYHUM

1 dy y 1 (zdy) 2,2
= -t +t +2- 2 — =2+ =
( dtzj : . aty=90

2 dt d
78071
2
d—g + azy 0
de
IIprumep 2. IlpeoGpasosars ypaBHeHUME
d y (dy) _dy
+ =
d dx dx 0.

NPHUHAB J 38 apryMeHT, a X 3a QYHKIHUIO.
P emenue. Bripasum npousBoJHEIe OT ¥ [10 X Yepe3 IPOU3BOJHBIE OT X 11O Y-

dy _ 1.

dx  dx’

dy
s s
dz.l/:i__l_:_ii_:_}_dy: dy? 1_dy2‘
a?  3x || T & || dx T |faxp| & T ae
w W @) &,, @)

[logcTaBUB 5TH BBIPAYKEHUA MPOUSBOAHLIX B JaHHOE yDaBHeHHe, OyAeM HMeTh
2
d*x

2
Y LA S S

&) &

&l

NJIN OKOHYaTeJNbHO

I pumep 3. IIpeoGpasoBaTe ypaBHEHHE
dx _x+y
dy =x-y’

nepefiaa K MOJNSAPHBIM KOOPAMHATAM
x=rcos @, y=rsing@. Q)
Pem e u ue. PaccmarpuBas r Kak pyuHkuuio ¢, u3 hopmya (1) nonyyum
dx = cos ¢ dr — rsin ¢ do, dy = sin ¢ dr + rcos ¢ do,
orcIona

dr
dy _ sin@dr+ rcos@de _ SIn(pd(p * rcos<p
dx  cos¢@dr—rsingdo cos(pg—; —rsing

’ dy
HO}ICT&BJIHS{ B JaHHOe yDaBHE€HME BbIpaKeHUuA JIA X, Y U a; GyJIEM NMETh

. dr
sm(pan+ reose _ rcos@+rsing

rcos@ —rsin@’

cosq)ad-(% —rsing

HJIM [OCJIe YIPOILIeHnHi
dr
do
2°.3aMeHa NepeMEHHB X B BOHIPaXEeHHAX, COREPHAMUX
YyacTHBIEe NPOMN3BOJHBELE.

=r.

IIpumep 4. YpaBHenue Konebaunili CTPYHBI

gt—z ox®

npeo6pasoBaTh K HOBBIM HE3aBHCHUMBLIM IlepeMeHHBIM O B f3, rae & = x'— at,
B=x + at.
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Pemtenmne. BLIpaSHM YacTHbI€ TIPOM3BOJHLIE OT U 10 X K { Yepe3 YacTHLIe

npouaBoaHble oT ¥ no o ¥ B. [Ipumenas Gpopmy st guddhePEHITUPOBAHUA CIOMHOM
PyHKOUH

u_udn  u 3B du _ duds , du OB
ot 000t Op of 9x Jodx op ox’

HOXyIHM
du _ du du _ (du du
Tt B “(aﬁ aa)’
du _ du . ou | 8u ou
5 1t 1Tt

MuddepenupyeM BrOpUYHO, IPUMEHAA T€ jKe (DOPMYJIBI:

e RGO

_ (% ?? _ Pu FPu) 3w 0%  u
“(aaaa a?]‘ “’*“(a‘ﬁﬁ‘a—aas 7 oar a0 p)

—-—() ( 2% aB@;)z&

2 2 2 2
_3u+au ou +2au+a_z_¢_
dadp aaaﬁ 33 00.0B BBZ
Iremy
I u  u
OACTABUB F n 6—5 B JaHHOe ypaBHeHUe, OyJeM MMeTh
t x
u_ Pyt o
Jal aaaﬂ aB da? aaaﬁ aB
HIH
2
du _ 0.
d0dp :
IIpnmep 5. lIpeoGpasosarsy ypaBHEHHE ng-fz + yzg—; = zz, IIPUHSAB 3a

HOBBI€ HE€3AaBHCHMBIE IIepEeMEHHbIC U = X, UV = - l U 34 HOBYIO Q)YHKILI'IIO
X

L

-1

w=

N -
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dz _ 0z
PenieHue. BorpazuMm yacTHbIEe IIPDON3BOAHBIE 3x " 5—}; yepes YacTHBIE TIPO-
M3BOAHBIE a__w n QE . Ina sroro upoauddepeHiiupyeM AaHHBIE COOTHOINEHUH

Jou dv
MeXJy CTapbIMU M HOBBIMM IeDEeMEeHHBIMHU:
- dx - dx dz dz
du =dx, dv = -~ =3 dw = —~ ~ —3°
x y x z

C apyroit CTOPOHBI,

dw = Ziu_)dqu dev.

du dv
IToaTomy
dw ow ; _ dx _ dz
+ —dv - =
u du dv PR
N
Jw ow (dx dy) dx dz
— dx — —.
Ju ED) y2 2 22
Orcroga
2(1 dw 1 8w) 22w
= _ == + 2 22d
dz =z (xz du ,29dv d y2 F i

dx x20v
%8

9z _ z'ow

dy S’

HOZ[CT&BJIHH 3TH BBIpaKEHHA B JaHHOE ypaBHeEHUe, MMOJIYyINM

xzzz(l Jw 1 aw) + Zzaw 2

R TR w

78874

1969. IIpeoGpasoBath ypaBHEHHE
2
4y + 2. 3¥ +y=0,
dx? dx

t
oJjarasd x = €.
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1970. IIpeo6paszoBaTh ypaBHeHHe
2
1 -2H3Y — 2V o,
d

noJiaras x = cos t.

1971. TIpeo6pazoBats cireayoe YPaBHEHH A, IPUHAB 32 APIYMEHT U:

2 2 3 2 2
a)d_g+2y(g£) =0, 5)%d_g—3d_y
dx x dx gy dx?

Y " 1972. Tanrenc yrana |, 06pa30BaHHOIO KACATeNh-
HoM MT u paguycom-BekTopoMm OM TOYKH KacaHUA
M (puc. 69), BBEIPaXKaeTcs cAenyIOIMUM 06pazoM:
r ’r_ g
o tgu = x.
ol T X 1+y
X
Puc. 69.

IIpeo6pazoBaTh 9TO BhLIpAXKEHHUE, NEpefa K IOJApD-
HBIM KOOPJMHATAM: X = ' COS @, iy = r sin @.
1973. ©®opmyny KpUBU3HEI JUHUAHN

L4

K=_¥
12,372
1+
BBIDA3UTh B IOJAPHBIX KOOPAHWHATAX X == I COS P, y= rsin Q.

1974. IIpeo6pas3oBaTh K HOBBIM HE3aBUCHMBLIM MEDEMEHHBIM U K U
ypaBHeHHe

0z az

yax 8y =0

ecam u = x, v=x2+y2

1975. HpeoﬁpasoBaTL K HOBbIM HE3aBUCHMBIM IIePEeMEHHBLIM U U U
YpaBHeHNe

az

y ay -z2=0,
ecnmu=1x,v=12,
x
1976. YpaBuenune Jlanaaca
2 2
a_‘Z‘ + a_‘; =0
ox oy

npeobpa3oBaTk K HOJAPHBIM KOODAMHATAM I U (), IoJaras

X =rcos @, y=rsin @.
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1977. Ilpeo6pa3oBarTs ypaBHeHUE

monarag U = Xy U vV = .
S

1978. IIpeobpas3oBaTh ypaBHeHNE

0z _ ,92 _ (, _
yax ay (y x)z’

BBeJs HOBbIe HE3aBHCHMbI€ IIEpEMEHHBIE

2 2
u=x +y,v=

Rl

¥ HOBYIO QyHKOu©O W =Inz — (x + y).
1979. HpeoﬁpaSOBaTL ypasHeHue

a%z 3%z a% _
ax2 2 axay ayz 0,

IPUHAB 38 HOBbIE HE3aBUCHUMbIE nepeMeHHble U = X + Y, U= A H 33 HOBYIO
X

dyBKIUIO W = :'—C

1980. IIpeobpazoBaTs ypasHeHHNe
2 2 2
°z 4 997z L9z _g
x> dxdy, dy

nomaragi u = x + y, v =x — Y, w = xy — 2, rae w = w(u, v).

§ 11. KacareasHasn IUIOCKOCTH M HOPMAaJdh K INOBEPXHOCTH

1°.VpaBsBHeHUusA KacaTeJbHOH NJIOCKOCTH M HOPpMAaXH
ANA crydas ABHOTO 3ajaHusa noBepxuoctTu. Kacamenvrol
NAOCKOCMbI0 K IIOBEPXHOCTH B TOuKe M (TOUKa KacaHW:A) Ha3biBaeTcd IIJIOCKOCTh,
B KOTODOIi JIedKaT BCe KacaTeJbHble B Touke M K DasJUYHBIM KPHBBLIM, IIpOBe-
JICHHBIM HAa [OBEDXHOCTHU Yepe3 3Ty TOYKY.

Hopmansio K IOBEPXHOCTU HA3bIBAETCA IIEPIIEHANKYJIAD K KACATENBHOI I1J10C-
KOCTH B TOYKE KacaHud. :

Ecnu ypaBHeHWe MOBEPXHOCTH B [IeKapTOBOW cUCTeMe KOODAMHAT 3aJaHO B
sieHOHN dopme z = f(x, y), rae f(x, y) — AuddepenuupyemMas QyHKIUA, TO yPaB-
HEHHEe KACATEeJBHON II0CKOCTH B TouKe M(xy, Yy, 2,) MOBEPXHOCTH €CTh

Z - 20 = f;(xo, yo)(X - xo) + f;(xoy yo)(Y - yo) 1

3mecs 2, = f(xgs Yg)s 2 a X, Y, Z— rekymue KOODAWUHATEI TOYKH KaCATEIbHOM
ILJIOCKOCTH. ‘
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VpaBHeHUA HOPMAaJIH HUMEIOT BH[

X-xy _ Y-yo _Z-2 @)
fr (xo,y0)  I'y(%0, Yo) -1’

rae X, Y, Z — rexyluuue KOODAMHATHI TOYKY HODMAaJIH.

IIpumep 1. Hanucars ypaBHeHUA KacaTeNbHOMN IIJIOCKOCTH K HOPMANH K
e \ .
IIOBEPXHOCTH 2 = 5~ y~ B ee Touke M(2; —1; 1).

Pemenne. Haiigem yacTHble IPOM3BOAHBIE JAHHOW (QYHKOHM M KX 3HAa-

YyeHuA B TOuKe M:
0z az)
g , = =2,
x (ax M

9z (6z) _
= =2y, | = =2
dy y Y/ u

Orcrona, mpumenas gopmysst (1) u (2), 6ynem umets 2 — 1 =2(x - 2) + 2(y + 1)

unu 2x + 2y — 2 — 1 = 0 — ypapHeHMe KacaTeJbHOM ILIOCKOCTH U x—;g = y;—_l =

Ml

_z-1
= = 1' — 'ypaBHEHUA HOpMAaJIN.

2°. YpaBHeHHNSs T KacaTeJAbHOH IHAOCKOCTH K HODMAaJaH

ANA CIy4Yad HeABHOTO 3afaHUA NOBepXHOCTH. Bromcayqae,
KOT/[la YPaBHeHHe TJIaJK0i NOBEPXHOCTH 3a4aHO B HEABHOU dopme

F(x,y,2)=0
u F(x, Yy 2) = 0, COOTBETCTBYIOIIHE ypaBHéHHﬁ 6yayT MMeTh TAaKOH BHI:
Fi (x4, Ygo 2HMX — x) + Fy’(xo, Yor 2)Y — Yo) + F(xg, Yo 2MZ — 25) =0 (3)
— ypaBHeHHE KacaTeJbHOH IIJIOCKOCTH M
X -x, _ Y-y = _ Z -2,
F, (xg. Yo 20) F, (x9, Yo: 20)  F] (o, Yo 20)

4)

— ypaBHEHHUA HODMAaJIH.
IIpumep 2. Hanucars ypaBHeHHS IJIOCKOCTH M HOPMajU K IIOBEPXHOCTH
3 3 .
3xyz — z° = a” B TouKe, A1 Koropoit x = 0, y = a.
Pemenue. HajizeM annavkary TOYKH KacaHus, noacrasue x =0, y = a
3 3
B ypaBHeHWe IIOBEPXHOCTH: —2 = a4 , OTKyAa 2 = —a. Taxkum ofpasom, TOuKa
xacanu#a ects M(0, a, —a).
0O603HaumB yepes F(x, y, z) 1eBy10 YacTh ypaBHEHHA, HalifeM 4aCTHBIE IIPO-
M3BOAHBbIE ¥ MX 3HAYEHUA B TOUKe M:
v, ;o , 2
(s F, = 3yz, (F, )y = —3a",
L ’ —
Fy = 3xz, _ (Fy)M—O,

F, = 3xy - 82°, (F,), = —3a’.

1

FEETENEE EC S S VRS S35 SN DA B R U ORI S

Ipumenas dopmyas: (3) u (4), noxydum
—3a%(x - 0) + O(y — a) — 3a’(z +a) =0
wm x + 2 + a = 0 — ypaBHeHuMe KacaTeXbHOH nnocxoc'rn;
x-0 _y-a _ z+a
-3a® 0 -3a®

x
wm = =2 = =2_°  ypapHeHUS HOpMaJH.

1981. HanmucaTh ypaBHeHHEe KAacaTeJIbHOH IJIOCKOCTH M ypaBHEHUHA
HOPMAIM K CJIEAYIOI[UM [I0BEPXHOCTAM B YKA3aHHBIX TOYKAX!:

a) K mapaboJiouy BpalleHusd 2 = x*+ y2 B Touke (1; —2; 5);

2 2
6) x konyey . + £ — Z =0 B rouxe (4; 3; 4);

z
16 9 8
B) K ctepe x + y2 + 2% = 2Rz B Touxe (R cos 0o; R sin o; R).

1982. B Kakux TOYKaAX JJIMIICOUAA

HOpMaJh K HeMy o06pasyeT paBHbIE YIJIbI C OCAMH KOODAMHAT?

1983. Yepes Touky M(3; 4; 12) cdhepsr  + y2 +2°=169 HpOoBeIeHbL
ILJIOCKOCTH, NeprnesauKyaapasie ocam OX u OY. HanucaTs ypaBHeHHE
ILJIOCKOCTH, IIPOXOJAIIel uepes KacaTe/JbHble K IOJTyIUBIIUMCS CEUeHM-
AM B uX obuei touxke M.

1984. IlokasaTb, 4TO ypaBHEHHE KacaTeJbHOH IJIOCKOCTH K II€HT-
PANbHOU IOBEPXHOCTH 2-TO MOPAAKA ‘

ax® + by2 +e =k
B ee ToukKe M (xo, Yo 20) uMeeT BHJ

axyx + bygy + czpz = k.

2 2 2
1985. K moBepxHoctu x~ + 2y° + 3x~ = 21 mpoBecTH KacaTeJbHbIE
TIJIOCKOCTH, IapaJlLlejbHble IUIOCKOCTH X + 4y + 62 = 0.
2 2
1986. K sannuncouny _x_2 + .Ll_z. + -2_2 = ] npoBecTH KacaTeJbHbIE 11JIOC-
a b c

KOCTH, OTCEKalIie Ha KOOPAUHATHBIX OCAX PaBHbIE IO BeJWYHHE OT-
pesKu.

¢
2 2 2 Y .
1987. Ha nnoBepxuoctT X + Yy — 2" — 2x'= 0 HaliTH TOYKH, B KOTOPBIX
KacaTeIbHblE IJIOCKOCTH HapaJlIeJIbHbl KOOPAHHATHBIM IIJIOCKOCTSM.
1988. [loxasaTb, 4TO KacaTeJbHblE IJIOCKOCTH K IIOBEPXHOCTH XYz =

3
= m° 06pasyIoT C IJOCKOCTAMH KOOPAMHAT TETPasAp INOCTOSHHOro 00b-
eMa. ' : '
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1989. IlokasaTrs, YTO KacareJbHbIE IIJIOCKOCTH K IIOBEPXHOCTH ﬁ +

+ Jy + Jz = Ja orcekaroT Ha 0CAX KOOPAMHAT OTPE3KH, CYMMAa KOTOPBIX
IIOCTOAHHA.
1990. ITokasaTrs, YTO KOHYC

(X3
o "E
(X3
ol

u cdepa

2
=2+ ch
(9

KacaloTcs Apyr apyra B toukax (0, b, c).
1991. Vzenom mexncdy 08yma nodepxHocmsamu B TOUKE UX lepeceyeHusa
Ha3BIBAETCA YroJi MeXKAY KacaTeJIbHBIMU IIJIOCKOCTAMHU, IPOBeAEeHHBIMHA
K JAHHBIM IOBEPXHOCTAM, B PACCMATPHBAEMON TOUKe. .
ITox KaKUM yriioM HepeceKAIOTCH LHUINHAD
2 2 2
xX+y" =R
u chepa
2 2 2
(x-R)y+y +2"=R

B TO4YKe M(%z 5—2'@ 0) ?

1992. IloBepxHOCTH HA3BIBAIOTCA OPMOZOHAAbHbIMU, €CIHN OHHU Ile-
pecekawTcA HNOA NPAMBIM YIJIOM B KaXXAOH TOUKe JIMHMHM UX Nepece-
YeHUA.

ITokasaTh, YTO IIOBEPXHOCTH x% + y2 +22=r (chepa), y = xtg ¢

2 2 2., 2
(minockocTs) M 2° = (x° + Yy )tg” y (xoHyc), sBAsIOMIMECA KOODAMHAT-
HBIMH [I0OBEPXHOCTAMM chepryYeCKUX KOOPAHUHAT I, ¢, I, B3BANMHO Op-
TOrOHAJIbHBI,

1993. ITokasaTh, YTO BCe IIJIOCKOCTH, KacaTeJbHbIe K KOHHYECKOM I10-
BEPXHOCTH 2 = xf(-li) B ee Touke M (xo, Yor 20), rae x # 0, npoxogAT Yepes
X

HAYaJI0 KOOPAUHAT.
1994*, HaliTu NpoeKIHN SJIJIMIICOUIA

L+ -xy-1=0

HA KOOPANHATHDBIE NJIOCKOCTH.
1995. JokasaTh, YTO HOpMaJb B JI000i TOUKe MOBEPXHOCTH Bpalle-

HUA 2 = f(«/x2 +y2) (f’ # 0) nepecerkaeT och BpalleHUA.

§ 12. ®opmyana Teitnopa ansa QYHKIINY HECKOJBKUX IT€PEMEHHBIX 217

§ 12. dopmyna Teitnopa ana GyHKIUM HECKOJHKUX NEpPEMEHHBIX

IIycrs dyHKUMA f(x, y) UMeeT B OKPECTHOCTH TOUYKH (a, b) HenmpepbIBHEBIE Ya-
CTHBbIE IPOU3BOAHLIE BCeX MOPAAKOB A0 (n + 1)-ro BriouurensHo. Torga B pac-
cMaTpUBaeMOIl OKPECTHOCTH cIipaBeAnusa gopmyra Teiinopa:

f(x, y) = f(a, b) + % [f(a, b)(x — a) + f (a, b)(y — b)] +

o+ %[fx’;(a, b)x - a)® + 2f, (@, b)(x — a)(y — b) + [, (a, b)(y - b)é] +
1 d 7
ot o [(x—a>5;+(y~b)3§] f(a, b) + R (x, y), )
rae
_ 1 _ a B a n+1l _ _
R(x 9 = s (G- -0 ] f e+ 06 - a), b+ 0ty - b

0<o<1).

B npyrux oGo3naveHUAX:

F + oy + B) = fx, y) + T IREE Y) + BT Ge )] +

1 2 77 24 2 r’
+ E[h Foo(%, y) + 2REf, (x, y) + E°f, (%, y)] + ... +

1(,9 9 \" 1 d a\"
+ E(h55+k53) f(x, y) + ( k

+1
Z’H‘—l)! a—x+ a—y) f(x + 6h; y = 6k), (2)
128105
Af(x, y) = df(x, y) + %dzf(x, Yyt

1 n+1 ) .
md f(x + Oh; y + 6F). 3)

Yacruseli cayuait dopmyasl (1) npu a = b = 0 HaswiBaetca gopmynoit Maxk-
J0peHa.

Ananornusbie GOpMYyJIbl CIPABENIHBbI AJA GQYHKIUY TPeX ¥ GOJIBILEro YHucia
IepeMeHHBIX.

+ L ", )+
n!

. . 3 3
II p u m e p. HaiiTn npupaienue, nojaydaemoe bysrnmei f(x, y) = x" - 2y"+
+ 3xy npu nepexoge ot sHaveHult x =1, y = 2 K sHaveHuAmM x;, =1+ A, y, =2+ k.

Pemenue. HMcrkomoe npupaliieHue MOXKHO HaliTH, npuMenas gopmyy (2).
BbIyucavM IIPEABAPUTENLHO MOCHAEAOBATENbLHLIE YACTHBIE IPOHM3BOAHBIE M HX
3HAUeHHA B JaHHOM Touke (1; 2):

fi (x, y) = 32 + 3y,
f; (x, y) = —6y2 + 3x,
fo.(x, y) = 6x,

fo(®s y) =3,

(% y) = ~12y,

f,(1;2)=3-1+3-2=9,
f,(1;2)=-6-4+3-1=-21,
fr(1;2)=6-1=86,

£ (15 2) = 3,
fi(1;2)=-12- 2 = -24,
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f:c;clx(x’ y) , Wy ey f;;;(l 2)
f;ly;/ (x’ y) = 0 /// (1 2)
f’// (x: y) =’_]_2, frn (1 2) _'12.

yyy yyy

Bce panpHeiinie IpoM3BOAHBIE TOMXKAECTBEHHO pPaBHBI HyJai0. IlomcTaBisas
HalJeHHBIe pe3yabTaThl B (hopmysy (2), nonyymm

Afx, y) = f(L+ h, 2+ k) — f(1, 2) = b - O + k(~21) +
+ él.'[h"’ -6+ 2hk - 3 + KX (=24)] + %[h3 .6+ 3h% - 0 + 3hE% - 0 + K¥(=12)] =

= 9h - 21k + 3K + 3hk — 12K + K - 2K°.

1996. Paznoxurts f(x + h, y + k) 0 11eBIM IIOJOKUTENHLHEIM CTEIe-
HAM h u k, ecan

flx, y) = ax’® + 2bxy + cyz.
1997. dyuxknuio
f, y) =2+ 2xy + 3y° - 6x — 2y - 4
paaiioxurs o dopmysae Teitnopa B okpecTrHocTH TouKHu (—2; 1).

g

1998. HaiiTi npupaimenue, noayuyaemoe dyuxknuei f(x, y) = xzy npu
nepexojie oT 3HaueHUd x = 1, y = 1 K 3HAUEeHHAM
=1+h, y,=1+Ek

1999. dyuxuuro
f(x,y,z)=x2+y2+z_2+2xy—yz—4x—3y—z+4

pasznoxuTts no popmyae Teitnopa B okpecTHocTH Touku (1; 1; 1).

2000. Paznoxuts f(x + h, y + k, z + I) 10 1eJBIM NOJOKUTENBHBIM
creneHsaMm h, k u l, ecom

fx,y, 2) = £+ y2 + 2% - 2xy —~ 2xz - 2yz.

2001. Pasnoxurh mo ¢popmyse MakaopeHa A0 4iIeHOB 3-I'0 IMOPAZKa

BKJIIOUUTENbHO QYHKIHIO
f(x, y) = e sin y.
2002. PasnoxuTts no ¢popmyne MaksopeHa A0 YJIEHOB 4-T'o NIOPSAAKa

BKJIIOUUTEIBHO GYHKIUIO
f(x, y) = cos x cos y.

2003. PasnoxuTs 1o dopmyse Teiisopa B okpectHocTH Touku (1; 1)
IO YJIEHOB 2-T0 NMOPAAKA BKJIIOYUTEILHO (GYHKIUIO
fx, ) =y".

2004. Pasnoxxurs 1o opmysie Teitsiopa B okpecTHOCTH ToyKH (1; —1)
0 YJICHOB 3-r0 IMOPAAKA BKJIIUYNATEILHO QYHKIIHIO

8- C fr, =€
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2005. BeiBecTy npubamxeHssle GOPMYJIBL ¢ TOYHOCTHIO J0 YJIEHOB
2-ro NopAAKa OTHOCUTEJHLHO BEJWMUYMH O ¥ [ IJIA BHIpAYKeHUA:

o a) arctg 1”;, 6) «/(1+°‘)é;(1+ﬁ)"
ecau |of u |B| Mmaner mo cpasrenuio c 1.

2006*. Ucnoneaya dopmyny Teitnopa g0 uneHOB 2-r0 NOpAAKA, BHI-
YUCJIATh IIPUOJIMIKEHHO:

a) /1,03, 3/0,98; 6) (0,95)

2007. Ilycts 2z ecTh Ta HesABHAsA PYHKIUA OT X U Y, onpefendeMas

2,01 = %

3
ypasHenueM z- — 2xz + y = 0, KoTopada IPpUHUMAET 3HaUeHUe 2 = 1 mpum
=1 wu y = 1. Hanucate HECKOJbKO 4JIE€HOB PAa3JIOXKeHUS (PYHKUHUU 2

110 BO3PACTAIOUIMM CTelleHAM pasHocTedd x — 1 my = —1.
HER

§ 13. IxcTpemMyM (PYHKIUM HECKOJBKHMX IepPEeMeHHEBIX

1°Onpegenenue akcrpemyma Gyuaxnuu. I'oBopar, uro QyHk-
nusa f(x, y) umeer maxcumym (Mmunumym) f(a, b) B rouxe P(a, b), ecin pis Bcex
oTau4HbIX 0T P Touex P’(x, y) B AOCTATOYHO MAaJIOH OKPECTHOCTH TOYKHU P BBI-
TIOJIHEHO HepaBeHCTBO f(a, b) > f(x, y) (mnm coorBercrBeHHO f(a, b) < f(x, y)).
MakcuMyM MM MEHUMYM QYHKIUY HA3LIBAETCSH €€ 3KCMPEeMYMOM. AHATIOTHIHO
omnpejesfeTcaA 9KCTPeMyM (PYHKIIUM TPeX U OOJbIIETO YMC/Ia NepeMEeHHBIX.

2°. HeobOxoagumMble YyCHOBHUA 3KcTpeMyMa. Toukmn, B KOTOPBIX
muddeperuupyemas byHrnua f(x, y) MOXKeT HOCTUraTh DKCTPeMyMa (TAK HA3bI-
BaeMble CMAyUOHAPHbIE MOYKLL), HAXOAATCA IIyTeM PEeIleHUA CUCTeMbI YDaBHeHW

fx, y) =0, f(x,y)=0 ’ 8Y)

(rHeob6xo0umvie ycaosus sxcrpemyma). Cucrema (1) sKBHBAJSIEHTHA: OHOMY YpaBHE-
uuto df(x, y) = 0. B obuiem ciayyae B Touke skcrpemyma P(a, b) dyuxunun f(x, y)
unu df(a, b) = 0, nau df(a, b) He cyiecTByer.

3°. TocTraTouyHBle YCIAOBUA DKCTPEMYMA. I'ch'rLP(a b)——c'rann-
onapuas Touka dyHKIHHA f(x, y), T. e. df(a, b) = 0. Toraa:

a) ecnu dzf(a, b) < 0 npu dx® + dy2 > 0, To f(a, b) ecTb Makcumym GyHKIUK
f(x, y);
6) eciu d® f(a, b) > 0 opu dx® + dy > 0, 1o f(a, b) ectb MuHUMYM DYHKIIUK

f(x, y); 5 [
B) eciu a2 f(a, b) MmeHsieT 3HaK, 10 f(a, b) He ABATETCA IKCTPEMYMOM GYHKIIUU
f(x, y).

IIprBeneHHbIe YCIOBHS SKBUBATEHTHEI CJSAYIONUM: OYCTE . (a, b) = f (a,b)= 0
uA= f'(a, b), B= f" (a, b), C = f’y’y(a, b). CocraBum Oucrcpumuuanm

A=a-Cc-B. % Y

Toraa: 1) ecniu A > 0, To GyHKIIUA UMeeT 9KCTPEMYM B TouKe P(a, b), a UMeHHO
marcuMyM, ecau A < 0 (unu C < 0), n munnMyM, ecit A > 0 (uau C > 0); 2) eciin
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A < 0, To axcTpemyMa B Touke P(a, b) Her; 3) ecsin A = 0, TO BOIPOC 0 HANUYUHU
sKkcrpemyMa dyEKIMHU B Touke P(a, b) ocraerca OTKPBITHIM (TpeGyeTca gaibHeil-
1miee MccJefOBaHUeE).

4°.Cnyvait QyHKOHUYU MHOrux nepemeHHBbB X. [lna QyHKnun
Tpex U OOJBIIET0 YHCJIA NEePEeMEeHHBIX HeoOXOAMMEIe YCJIOBUS CYIECTBOBAHMSA
JKCTPEeMyMa aHAJOTHYHEI yeaoBuaM 1°, (1), a gocTaToOuHbIE YCIOBUA AHAIOMMYHEI
ycnosusam 3°, a), 6), B).

IIpumep 1. I/Iccnenoaa'rb Ha 3KCTPEMYM (I)ymcumo au

x=x +3xy - 15x — 12y.
Pemen ue. Hailinem uacTHble IPOU3BOAHBIE M COCTABUM CHUCTEMY YPaBHE-
muit (1): o

0z dz _

92 =32 +32-15=0, 2 =6xy-12=0
: . B o ‘ i
niIu
2 .
e Sryt-5=0, R
xy—2=0.

Pemas CHUCTEMY, NOJYYMM YeThbIipe CTalMOHAPHBIE TOYKH:

Pi(152); Py2;1);  Py(-1;-2);  Py(-2;-1).
Haiinem npoussogusie 2-ro nopajaxa
b 2 2
a 2 = 6x, Q- = 6y, a—z = 6x
ax axay ay R

2 . .
M cOCTaBHM JUCKPUMHUHAHT A = A - C — B” aja KaKAOM CTAllHOHADHOM TOYKH.

. _azz_: ___(azz) C = 9%z - 6:
l)ﬂnnToanPl.A—{gx—zl 6, B 3%, =12, ay2P - 6

A=AC-b>=36-114 <0. 3Ha'm'r B TOuKe P, sxcTpeMyma HerT.

2) Ons roukn P, A=12, B=6,C=12; A= 144 — 36 > 0, A > 0. B Touke P,
(dYHKUMA uMeeT MUEUMYM. MUHMMYM 3TOT PaBeH 3HAYEHHMIO QYHKIUM IPU X = 2
y=1:

2, =8+6-30-12=-28.

i,

3) Ona rouxkn P,;: A=—-6, B=-12,C=-6; A =36 — 114 <0. 9xcTpemy™ma HeT.
4) Ina Touxu P A = ~12,B=-6,C =-12; A=144 — 36 > 0, A < 0.
B Touke P, QyHKIMSA MMEET MAKCHMYM, DaBHBIH

Mty 2= T8—-6+30+12=28.
5°. VcnoBHBIH 3KCTpPpeMyM. B rnpocreiimeM cilIydae YCLOBHbLM IKC-
mpemymom Gyaxuuu f(x, y) HaspIBaeTca MAKCHMYM WY MEUHUMYM 9TOH QYHK-
U¥, JOCTUTHYTBLIA IPH YCJIOBHH, YTO ee apryMeHThl CBA3aHbLl ypaBHEHHEM
o(x, y) = 0 (ypasHenue ceaszu). UToObl HAWTHM YCIOBHBIA 9KCTPEMYM QYHKIMU

f(x, y) npm Hanuyuu cooTHOomeHUA @(x, y) = 0, COCTABAAIOT TAK HA3LIBAEMYIO
dynryuio Jazpanica

F(x, y) = f(x, y) + X - o(x, y),
rae A — HeolpejeJeHHbII TOCTOAHHEIN MHOXMUTENb, ¥ UIIYT OOBIYHEIH 3KCTpe-

MyM 5Toil BcnomorateabHoH dhyHrnun. HeobxoqumMele yeaoBuA sKCTpeMyMa CBO-
JATCA K CHUCTEMe TPeX YDaBHEHUM:

oF _ af
ox ox ka
oF _of a<p (2)
TR +Ast =0, |
(p(x,y)=0

€ TPeM#A HeU3BECTHHIMH X, Y, A, U3 KOTOPO# MOKHO, BOOOIIle TOBOPA, ONPEAEIUTh
9TH HEM3BECTHBIE.

Bonpoc o cyniecTBOBaHME M XapaKTepe YCIOBHOrO »KCTPEeMyMa pelaeTca Ha
OCHOBAaHMHM M3y4YeHHUs 3HAKA BTOPOro Auddepennuana dyHxkuuu Jarpamxa

aFd +2dedy+a—ljdy

d2F(x, y) =
dxdy ay

A8 MCOIBITYEMOI CHCTeMB! 3HAYEHUH X, Y, A, TOIYIYEHHOH U3 (2) OpH YCIOBUM,
uyro dx u dy cBA3aHLI yPaBHEHHEM

oQ o0 _ 2 2
— dx+ X dy = + # 0).
5 9% 3 y=0 (dx" + dy )

A umeHHO, QyHKIM f(x, ) UMeeT YCIAOBHBLIH MAKCHMYM, €CIH d’F < 0, u yc-
JIOBHBIH MUHHMYM, €CJIY d’F>0.B YaCTHOCTH, €CJIM JUCKPUMMHAHT A 1A PYyHK-
uuu F(x, y) B cTanmoHapHOM TOYKe IOJIOMKUTENIEH, TO B 9TOH TOUKe MMeEeTCH yC-,
JIOBHBIH MakcuMyM byukuum f(x, y), ecia A < 0 (uau C < 0), ¥ yCIOBHBII MH-
HUMYM, ecau A > 0 (uam C > 0). .

AHaJOrHYHO HAXOAUTCA YCIOBHBIA 9KCTPeMYM GYHKIIUU TPEX MM GOJbIIEro
YHCIa NePEeMEHHBIX IPYU HaJIMYUM OJHOTO HJIM HECKOJHKHX YPaBHEHHH CBA3H
(IHCJI0O KOTOPBIX, OJHAKO, JOJKHO OBITH MeHbIlle YHCJIA [epeMeHHbIX). 37aech
IPUXOAUTCSA BBOAUTE B PyHKI IO JlarpaHika CTONBKO HeONpeAeNIeHHBIX MHOMKH -
Tesled, CKOJIBLKO MMeeTCA YDAaBHEHUI CBA3M.

IIpumep 2. HailiTu skcTpeMyM GOYHKIUR
2=6-4x -3y
IPU YCINOBHH, YTO IEPEMEHHBIE X U Y YAOBJIETBOPAIOT YDABHEHWIO
’ < + y"z =1,

Peme nue. TeomerpudecKt 3a/jaua CBOANTCH K HAXOMKASHUIO HaubosIpIe-
I'o ¥ HAMMEHBIIero 3HAYEHNH AIIUINKATHI 2 IJI0CKOCTH 2 = 6 — 4x — 3y 14 Touek

2 2
llepecedeHUA ee ¢ HUAMEAPOM X + y =1, u .
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CocraBnseM ¢yHxnuio Jlarpanxa:
O IRV

F(x,y)=6—4x~3y+7»(x2+y2—1).

HNmeem %ij =-4 + 2Ax, g—;-' = -3 + 2Ay. Heo6xoAuMbIe YCIOBUSA JAIOT CUCTEMY
YPABHEHUH
—4+2)\x=0,
-3+ 2\y =0,
o+ y2 =1,

pelllas KOTOPYIO HailgeM:

n
5 4 3
}\'2=—§1 x2=._59 y2=‘5'
Tax Kak '
2 2 2
TP -, L -0, 2L_gp,
ax ax Yy ay
TO .
d%F = 2x(dx® + dyd).
_5 __4 | 2 ‘ .
Ecau A = 5 x= 5 ny= 5 170 d“F > 0 1, cIIeA0BaTEJbHO, B 3TOU TOYKe DYHKIUAA
\ _ b5 _ 4 _ 3 2
MMeeT yCJOBHBIH MuHUMyM. Ecau A = 50 x = -5 uy = —g ,TodF <0 u,

CIIeI0BATENBHO, B 9TOH TOUKe QYHKIUA HMEEeT YCIOBHBIN MaKCUMYM.
Takum o6pasom, '

6°. HauvbGonbrmee ¥ HauMeHbIIee 3HAYEeHU A PYHKIO M HU.
Dyuxuua, auddepeHupyeMasn B OrpaHUYeHHON 3aMKHYTO# 06/1aCTH, TOCTUTaeT
cBoero HanGosbuIero (HaUMeHbIIEero) 3HaYeHUs WM B CTAIlMOHADHOM TOYKe, U
B TOYKe FpaHMUBI 061aCTH. .

INIpumep 3. Onpesenurs HanGosbIllee M HAMMeEHbIIee 3HAYeHUA PYHKIIUYU

z=x2+y2~xy+x+y
B ofJsacTH
x<0,y<0,x+y=-3.
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Penreuune YrkazanHaa o6JacThb €CTh TPEYTIOJb- Y
HuK (puc. 70). {.3,-0) (_%;0) o x
1) HaiimeM cTaiMOHAPHBIE TOYKH:
b
(0:-5
2, E2x-y+1=0, 2
zy =2y-x+1=0; (_g;_g)
orciofa x = —1, y = —1; nonydaem Toury M(-1; —1).
B rouke M 3mauvenue Gpynkumm z,, = —1. Hccrae- \(0;-3)

JOBaHME HA 9KCTPEeMyM He 00A3aTeILHO. Puc. 70
¢c. 70.
2) Uccnenyem dyHKIMIO Ha rpaHUANax obiacTu. .

2
IIpu x =0 umeem 2 = y* + y ¥ 3aJa4Ya CBOAUTCSA K OTHICKAHMIO Hanboabmero
¥ HAMMEHBIIEro 3HAYeHWH 3TOil (GYHKUHMHU OZHOro apryMeHTa Ha OTDe3Ke
-3 < y < 0. IIposens uccienoBanme, HaiineM, 410 (2, ). . o = 6 B Touxe (0; —3);

(znaﬂu)x =0 =

-1 B TOUKe (0'—-1-) .
4 1 2)"

IIpn y = 0 nonyyaem z = o+ x. AHanoruyHo HalgEeM, 4YTO (zmmﬁ)y 0= 68

rouke (—3; 0); (zmmm)y -0 ='—i B TOUKE (—%;0) .

IIpu x + y = -3 nnu y = -3 — x GyAeM UMeTh 2 = 3x% + 9x + 6. AnanoruunsM
. 3
o6pasom nHaiaem, urto (2, ) . y=--3= —g B TOYKe (—g;_ﬁ) N C) I y=--3= 6

cosmazaer ¢ (2.0, o ¥ (znmﬁ)y _ o Ha npamo#t x + y = —3 M0oxHO 6bL10 ORI

HCCIEIOBATh (DYHKIWIO HA YCIOBHBIN SKCTPEMYM, He IPUBOAA K QYHKIMH OJHOTO
apryMeHra.
3) ConocTaBifis BCe NOJyYeHHbIEe 3HAYeHUA QYHKUIUH 2, 3aKJIOYAEM, YTO

= 6 B Troukax (0; -3) u (-3; 0); 2 = —1 B cTanMOHApPHOI TOuKe M.

zuaﬂG HauM

HccenoBaTh Ha 9KCTPEMYM CIIeAyIoniue GYHKIMM ABYX NepeMeHHEBIX
2008. z = (x ~ 1)° + 25°.

2009. z = (x - 1)° - 2% ,

2010. z = x° +xy+y2 - 2x ~-y.

2011.z = x°y*6 - x — y) (x > 0, y > 0).

2012. z = x* + y* - 2% + 4xy - 2%

2013. 2 = xy ,i_x__bl_'

2014. z=1—-(x"+ y)’'".
2015. 2
2016. z = _Lt*¥-y .

I
—_
8
+
«
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2016.1.z=g+$+y(x>0,y>0)-

Fatt

2016.2. z = e* " ¥Y(x* - 24%).

HaiiTu sKcTpeMyMbl QYHKIIMIHA TpEeX IIepeMEHHBIX:
2017.u=x>+y +2° —xy + x - 22.

2 2
2018.u=x+ %L +%Z + 2(x>0,y>0,2>0).
4x y 2

HaiiTu sxcTpeMyMbl QYHKIINH 2, 3aJaHHBIX HEABHO!
2019%. x> + > + 22 - 2x + 4y - 62 — 11 = 0.
2020.x3—y2—3x+4y+z2+z——8=0.
OnpefenuTs YCIOBHBIE 3KCTPEMYMBI (PYHKIUA:
2021.z=xyopu x +y = 1.
“2022.z=x+2ynpnx2+y2=5.
2023.z=x>+y mpu £ + ¥ =1

2 3
2024.z=cos2x+cos2ynpny—x—g."
2025.u=;k—2y+2znpnx +y +22=0.
2026.u=x"+y +2 npn’ﬁ; +%§+i_z=1(a>b>c>0).

2027. u'= ;:cyzz3 ogprx +y+z=12(x>0,y>0,2>0).
2028. u = xyz npu yeaosuax x +y +z =5, xy + yz + 2x = 8.
2029. oxasarp Hepg.BeHCTBO

e x+y+z > 3

xyz,
3 y
ectux >0,y>0,2>0.
VkazaHue. I/cha'rb MaKcHMyM (BYHKIIMH U = xy2 IpH yCJIOBHK £ + i + z S.
2030. Onpenenuts HaMOONblIee 3SHAYEHUE QYHKINH 2 = 1+x+ 2y
B obJylactax:
a)x>0,y>0,x+y<1l; 6)x=> <0, x-y<1.

2031. Onpenenm‘b Han6onbmne " Hanmenbmue sHaueHus GyHKIMIL

a)z—xynﬁ)z—x —y B oGnacTH x° +y < 1.
2032. Onpenennts HanbGoablliee M HaMMEHblIee 3HAYCHUA (bymcnun

z = sin x + sin y + sin (x + y) B o6acTa 0 < x<- 0<y<

2033. Onpenenurts Haubosblllee M HAMMEHbIIee 3HAUCHUA (l)ymcuun
z=x"+y° - 3xyBobmacru 0 < ¥< 2, -1<y<2, °

§ 14. 3agauM HaA OTHICKAaHMEe HANGOIBUIMX
M HAVMEHBIIMX 3HAaYeHMil GyHKIWit

IlIpumep l. IMonoxurensHoe 9ucao a Tpebyercs pas3buTh Ha TP¥ HEOTPH-
HATeJILHBIX CJaraeMbplX TaK, YTOGH Ux UpousBefeHue ObLI0 HAMOONBIINM.
PemeHne. Ilycre nckoMele ciaraemsie 6yayT x, y, <
a— x - y. Umem maxcumyMm pyHrnuu f(x, y) = xy(a — x — y).

ITo cmeicny 3agayu QyBKIUA f(x, Y) paccMaTpUBaeTca
BHYTDH 3aMKHYTOTo TpeyroasHuxka x =0,y 20, x +y < <a
(puc. 71).

Pemas cucremy 0O

{f; (x, y)=yla-2x-y) =

f;(x,y)Ex(a-x—Zy)=
[OJYYHMM AJIA BHYTPEHHOCTH TPEYTONbHUKA e[MHCTBEHHYIO CTAIMOHAPHYIO TOUKY

(%, g) . ,uJIH Hee IIpOBepAEM BBLINIOJIHEHNE AOCTATOYHbBIX chIOBHﬁ. HNmeem
7 — ’, _ - _ ’r — il
fxx(x’ y) - 2y1 fxy(x’ y) =a 2x zyr fyy(xv y) = —2x.

CrnenoBaTenbHO,
A= ,,aa)z_g’ B="(‘E,‘.’)=—l, C = ,,(a a)=_
f (3 3 3¢ To\3 3 3¢ Tw\3 3

A=A-C-B’>0, A<O.

Wl
]

a
Hrax, B TOuKe (5; g) ¢dyaKmua gocturaeT MaxcuMyMa. Taxk Kak Ha KOHTYpe Tpe-

yronsHuKa byskmua f(x, y) = 0, To aror MaxcuMyM Gyzner HanboABIIMM 3HAYCHUEM

GdyHKIHMHE, T. €. OpousBefeHye Gyger HAWOONLINNM, €CAH X =Y =4 — X — Y = %,
a8

IIpyuyeM HauOoJIbIllee 3HAYEHVEe NPOM3BEACHUSA PABHO —277

IlpumMeuanue. 3agavy MOXHO ObLTO pemarb MeTOLAMM YCJIOBHOTO 9KC-
TpeMyMa, OTHICKMBAafA MAaKCUMyM QYHKIKY U = Xy2 IpH yCAoBHU X +y + 2 =a.

2034. Iz Bcex npAMOYroabHBIX Napaslejielnunel0B, MMEIOINX faH-
HBIM 06beM V, HallTH TOT, MOJIHAA IIOBEPXHOCTh KOTOPOI'0 HalMeHbIIad.,

2035. IIpu KaKkux pasMepax OTpbITasi IPAMOYTOJIbHAA BaHHA JauHOH
BMecTHMOCTH V MMeeT HalMEHBIITYIO IIOBEPXHOCTh?

2036. 3 Bcex TpeyroJbHUKOB JAHHOTO IIepUMMeTpa 2p HaTH TOT, KO-
TOpBIA UMeeT HAaUOOJbIIYIO IJIOIIAkb.

8 3ajaum ¥ YNPOKHEHHS
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2037. HaiiTt npssMOYroJbHLIM Hapajiaesenunes ¢ JaHHOM NIOINAAL . »
IIOBEPXHOCTH S, UMEIOHHIT HANOONBIIUHA 00 BEM.

2038. IlpeacTaBuUTh IOJOMKUTENbHOE UMCIO @ B BUIE NPOU3BEAECHUS
YeThIpeX IIOJIO2KUTEJIBHBIX COMHOMKHTENIeH Tak, 4To0bl uX cymMMma ObLia
HauMeHBbIIIeH.

2039. Ha mnockoctu XOY Haitth Touky M(x, y), cyMMa KBaJpaToB
paccTosIHUI KOTOPOi OoT Tpex HpaMbix x =0,y =0, x —y + 1 = 0 6nina
6bI HAaMMEeHbIIIeil. ’

2040. HajiTu TpeyroJsHUK JAHHOIO IIepuMeTpa 2p, KOTOPLLIA Py Bpa-
IIeHUU OKOJIO OAHOH M3 CBOMX CTOPOH o0pasyer Teyio Hauboabuiero oos-
ema.

2041. Ha nj0ocKoCTH AaHBl TP MaTepuaibHble TOuKM P (x,, V),
Py(x,,y,), Py(xg4, y;) maccamu m,, m,, mg. 11px KaKOM NOJI0XKEeHUH TOYKH
P(x, y) kBaagpaTUYHBIN MOMEHT (MOMEHT MHEPIUK) JAHHOM CHCTEMBI TO-
ek oTHOCHTeNbHO TouKH P (1. e. cymma m [P P |* + m|P,P[* + my|P,P )
Oyzner HauMeHbIIHM?

2042, Yepes Toury M(a, b, ¢) npoBecTH IMJIOCKOCTb, OGPa3yIOINYIO C
IJIOCKOCTAMU KOOPAUHAT TETPA’Ap HAMMEHbIIero oopema.

2043. B sanuncoup BMUCATH NPAMOYIOJBHBIN Hapajieenunes Ha-
uboJbiIero oopemMa.

2044. OnpenenuTh HAPYXKHbIE Pa3MepPbl OTKPHITOIO MPAMOYTOJILHOTO
ANYKA C 3aJaHHOH TOJIIIMHOM CTEHOK O ¥ eMKOCTEIO (BHyTpeHHell) V Tak,
uyTO0GBI HA €ro M3roToBJIeHHe ObLI0 3aTPadyeHO HaMMeHbIIee KOJUUYECTBO
marepuaJa. .-

2045. B xakoii TOuKe 3JLIAICA

2y
5 +t5 =1 ~ -
a b ‘
KacaTeJbHasi K HeMy oOpasyeT ¢ OCAMHU KOOPAMHAT TPEYrOJbLHUK . Ha-
HMeHbIIeH maomaan?
2046*. HaiiTi ocu anaumnca '

5x° + 8xy + 5y® = 9.
2047. B nasHBI# map BOHCATh IMJIMHJAP ¢ Haubosblueil NOJMHOH mo-
BePXHOCTBIO.
2048. Pycaa aByx pek (B npesejiax HEKOTOPOI 06acTH) npubImiKeH-
HO MNPEJICTABIAIOT napabony y = X u npamyo x — y — 2 = (. Tpebyercsa
COEJMHUTH AAHHBIE PEKH NPAMOJHHEHHLIM KAaHAJIOM HaUMEHbIIEH JJIH-

Hbl. Yepes KaKkue TOUKH €ro npoBecTu?
2049. Haiitu Kparuaiiliiee paccTossHue oT Touku M(1; 2; 3) xo npAMoit

x _y _ =z

1 -_3 B 2 ) : AP A YAy

LR

§ 15, Ocobrnle TOYKH IJIOCKUX KPUBBIX */ x| 227
2050%. Touku A u B pacIoJIO’KeHBI B Pa3aud- 4 !
HBIX ONTHMUECKHUX Cpelax, OTAeJeHHBIX OJHA OT aE ai -9
gpyroi npsmoit (puc. 72). CKOpocTs pacupocTt- | ‘M B,
paHeHHMs CBeTa B IIepBOIl cpejie paBHa U,, BO BTO- A :b E
I b
poit — v,. Ilonp3ysck NPUHIUNIOM depma, co- EB :B '

rJIaCHO KOTOPOMY CBETOBOHM JIy4 pPaclnpoCTpaH#-
ercda o JuHuU AMB, s IpOXOXXJIEeHUs BIOJb Puc. 72.
KoTOpoi Tpe6yeTcss MUHUMYM BPEMEHHU, BEIBECTHU
3aKOH IIPEJIOMJIEHUS CBETOBOTO Jy4Ya.

2051. IToabsysack npuHoUnoM PepMa, BEIBECTH
3aK0H OTPa’sKEHUA CBETOBOI'O Jy4Ya OT IJOCKOCTH B
omHOPOAHOMH cpege (puc. 73).

2052*, Ecid B 9JIEKTPHUECKOM Lelnu, UMelome
conpornBieHne R, Teuer TOK [, TO Temiosas

2
MOIIHOCTL B uenu paBHa I R. Onpefenurs, Kak
crepyer pazseTBuTh TOK I Ha Toxm I, I,, I, npu

Puc. 73.

[OMOILM TPEX IPOBOJOB, COTPOTHBJEHNA KOTOphix R, R,, Rj, 4robnl
TeIJIOBAS MOIIHOCTD Oblila 6bI MUHIMAJIBHOM,

§ 15. Ocobsle TOUKH INIOCKMX KPHUBBIX

1°.Onpexenenue ocob6oit Touku Touxa M(x), y,) IIOCKOi KpU-

Boii f(x, y) = 0 HasvIBaeTcd 0c000il MOUKOLL, €CIY ee KOOPAUHATE! ONHOBPEMEHHO
VAOBJIETBOPSAIOT TPEM YDABHEHHUAM:

f(x()’ yo) =0, f; (x(), yo)’ f; (x()’ yo) =0. o
2°.0cHOBHBIE THI B 0CcOOBIX Todek. IlycTs B ocoboit Touxe M(x,, Y,)
Npou3BOAHEIe 2-r0 NOPAZKA
A= f;; (x()’ y())’
B = f;_; (x()’ yo)y
C= f;; (x(y yo) ) -

'l

2
He Bce paBHBI HyJa10 U A = A+ C — B, roraa:

a) eciu A > 0, To M — usonuposarnas moura (puc. 74);

6) ecmm A < 0, To M — ysen (0eoiinas moura) (puc. 75);

B) eciu A = 0, To M — miu mouka 6o3épama 1-ro poxa (puc. 76), unu 2-ro poga
(puc. 77), NN U30AUPOBAHHAA MOYKQA, UK MOYKA CAMONPUKOCHOBEHUR (puc. 78).

Puc. 76. . Puc. 77.

Puc. 74. Puc. 75.
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§ 16. OrnGaioman ' 229

Hpn PpellleHnn 3aja4 3TOro pasaeja npeanoJjaraeTca 00A3aTeJIbHBIM nocTpo-
eHVe KPNBBIX.

2 2 3
II pumep. Ilokasars, uTo KpuBasd y = ax + x° umeer: ysei, ecnu a > 0;
H30JIMPOBAaHHYIO TOUKY, ecau a < (; TouKy Bo3BpaTa 1-ro poxa, ecau a = 0.

2 3 2 .
Pemenne. 3aecs f(x, y) =ax” + x° — y . Haiigem yacTHEbIe IPOU3BOJHEIE
¥ IpUPABHAEM MX HYJIO:

f. (%, y) = 2ax + 3x? = 0,
f; (x,y)=-2y=0.

Ora cuctema umeer gBa pewenusa: O(0; 0)u N (—ga; 0). , HO KOOPAMHATHI TOY-

ku N He yIOBIETBODAIOT YPABHEHMIO AAHHOH KpUBOil. 3HAUHT, MMeeTCHA eQHH-
creeHHas ocobasa Touka O(0; 0).

Haiinem BTOpBHIE IPOM3BOAHEIE U UX 3HAYEHUA B ToUKe O:
f’;x(x, y) = 2a + 6x, A = 2a,
% ¥) = B =0,
f’;_,,(x, y) = C=-2
A =A-C’—B‘°‘ = —4a.
CienosareinbHO,

ecnmz a > 0, To A < 0 u rouxka O — ysexn (puc. 79); -
ecsm a < 0, To A > 0 u Touka O — M3oAMpPOBaHHAA TouKa (puc. 80);

ecau a = 0, To A = 0. YpaBHeHne KpUBOH B 9TOM ciydae Oyner y2 = x° nm

=+Jx° >0; i
y=1Ax", rme x > 0; KpuBas CUMMeTPHYHA OTHOCHTENBHO ocu OX, ABNAIONIEHCS
kacaTensHoil. CiegoBaTesbHO, Touka M — TouKa Bo3spara 1-ro poga (puc. 81).

a>0 a<@

Puc. 79. ] Puc. 80. ‘ Pnc. 81.

BbIsAACHUTH XapaKTep 0COBLIX TOUEK KPHBBHIX:

2053. y2 = -2t + x* 2055. a4y2 = a%x* - &%
2054. (y — ) = x°. 2056. %y - X - y* = 0.
2057. x° + y3 —~ 3axy = 0 (Gexapmos nucm).

2058. yia - x) = x® (yuccouda).” . .

‘ 2059. (x2 + yz)2 = az(x2 - y2) (nemHuckama).
- 2060. (a + x)y° = (@ — x)x” (cmpogouda).
2061. (x° + y2)(x — a)® = b’x” (a > 0, b > 0) (xonxouda). Paccmorpers
tpu cayuas: 1)a>b, 2)a=0b, 3)a<b.
2062 BoisscHUTE M3MeHeHHEe XapakTepa oco0oii TOUKH KPpUBO

= (% — a)(x — b)(x — ¢) B 3aBUCHUMOCTH OT sHauenuii a, b, x (a<b<c
Bemec'rBeHHm).

§ 16. Orudaromasn

1°.Onpemenenume orubaromeit. Ozubawwel cemeilcmea NAOCKUX
KpU6bLX HA3HIBAETCH KPUBAA (MU COBOKYITHOCTb HECKOJBKUX RpHBbIX), KoTopas
KacaeTcs BCEX JYMHHUM JAHHOrO ceMeficTBa, IpMYEeM B KaKAOH CBOeMl TOUKe Ka-
caeTcA KaKoM-auOyAb JUHUH paccMaTpuBaeMoro ceMelicTBa.

2°. YVpaBuenue orubaiouei. Eciu saBucaniee oT 0AHOTO nepemen-
HOTO HapameTpa O ceMelCTBO KPUBBIX

B flx, y, ) =

i : L
MMeeT OrEGaIONIYIO, TO IapAMEeTPUIeCKHe YPaBHEeHN A [0CAeiHe] ONpe/ie/IAI0TCH
¥3 CHCTEMBI yPaBHeHHH

fx,y,a)=0

7, (x, g, 0) = )

Uckmouada u3 cuctemsl (1) mapamMeTp O, HOJYYUM ypaBHeHUHE BHAA
D(x,y) = 0. (2)

CrnefyeT OTMETUTS, 4TO GOPMATBLHO [ToJ1yuaeMad KpUBas (2) (rak HaspIBaeMasd
OUCKDUMUHAHMHAA KPUBAL) HAPARY C orubalomeil, eCJi TAKOBaA MMEETCHA, MO-
JKEeT COAEPIKATh MeOMETPHYECKOe MeCTO OcOObIX TOHYeK AAHHOTO cemeiicTBa, He
BXOAAIee B COCTAB orubaoeil aToro cemeucrsa.

IIpm pemleHmm 3azay 2TOro naparpada PeKOMeHAYeTCH NeaTh YepTexH.

Il p u M e p. Haiitn orufaioniyio ceMeRCTBa MPAMBIX

xcosa+ysina —p=0 (p=const, p>0).
Pemenue. JlaHHOE ceMeiicTBO IPAMBIX 3aBHCHT OT mapamerpa o. Cocra-
BUM cucTeMy ypasHenuit (1):
xcoso+ysina—p=0,
—xsina+ycoso=0.
PelllME CHCTEMY OTHOCHTEJNBHO X ¥ Y, IOJYINM IapaMeTpHiecKne ypaBHEHNH
orubaIeit:
XxX=pcoso, y=psind.

! Bossoms 66a ypaBHeHHSA B KBaApaT M CKJIA/ILIBaf#, HCKIIOYUM [1apaMeTp o

x2 +y2=p2.
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§ 17. muHa Kyr¥ IPOCTPAHCTBEHHON KPUBOI ; 231

Taxum o6pasom, orubaromeii ZAHHOrO ceMeMCTBa
NPAMBIX CHYXXHUT OKPYKHOCTb pafuyca p ¢ IeHTPOM B
Hayaje KoopauHar. JlaHHOE ’Ke CceMeiCTBO NPAMBIX

ecTh CeMeHCTBO KacaTeJIbHBIX K 9TOH OKPYXXHOCTH
(puc. 82).

2063. Haititu orubaromyio ceMeiicTBa OKpYK-
- HOCTeH

s
-

Puc. 82.

x-a+y* =2,

2064. HaiiTu oru6aomyio ceMeiicTBa IPAMBIX
=kx + 2
y 2k
(¢ — mapamerp, p = const).
2065. HaiiTu orubaromniyio ceMeicTBa OKPY KHOCTelH 0JHHAKOBOTO pa-
auyca R, IeHTPHI KOTOPBLIX HaxoxaTcs Ha ocu OX.

- 2066. Haiitu KpuBy10, KOTOPYIO Oriu6aeT OTPe3oK AJIWHEI [, KOrLa ero
KOHIILI CKOJB3AT 110 OCSAM KOOPAWHAT.
2067. Haiitu oru6aroigyio ceMefCcTBA IPAMBIX, 06pasyIoIux ¢ OCAMH
KOOPJAHMHAT TPEYTrOJbHUK IIOCTOSHHOM IoInazu S.
2068. HajiTu oru6aiomyio s/IMIICOB IIOCTOSHHON Imomanm S, ocu
CUMMEeTPHH KOTODBIX COBNALAIOT,

2069. UccrenoBaTh xapakTep <«IUCKPDMMMHAHTHEIX KDHBBIX» Ce-
MeiicTB caeayooiux jguHuii (C — napamerp):

a) kybuueckux napabon y = (x — C)a; g
6) nonykybuyeckux napabon y2 = (x — C)3;

B) napa6on Heitna y3 =(x — C)2;

r) ctpodoun (a + x}y — C)2 = x2(a - x).

2070. Ypaprnenue TpaeKTOPUH ABUKEHUA CHAPALA, BLITYIIEHHOTO U3
TouKH O ¢ HAYaNbHOH CKOPOCTHIO V) TIOJ| YIJIOM O, K TOPH3OHTY (Ge3 ydera

COTIDOTUBJIEHUS BO3AyXa), Oyaer

, o

y=xtga- — -

Y 2vgcos o
Yo IIpurumasa yrom o 3a mapaMeTp, HaiTH
orubalonyio BCeX TpaeKTOpHi CHapsaja, pac-

o o w
! < MOJIOXKEHHBIX B OJHOM U TOH »Ke BepTHKAJb-
0 HOU mockocTu (napabGoaa OGeazonacnocmu)
Puc. 83. (puc. 83). .

§ 17. lnuaa xyru NPOCTPAHCTBEHHOM KpUBOH

Huppepernyuan dyzu IPOCTPAHCTBEHHOH KPHUBOH B IPAMOYrOJBHBIX AEKap-
TOBBIX KOOpDAMHATAX paBeH

ds = ,\/dx2+dy2+dzz s , . PR (oY, |

rae x, Y, 2 — TeKyliue KOODAMHATHI TOYKU KPUBOU.

Ecnu
x=2x(t), y=yt), z=2(1) . 1

— napamMeTpudecKue YpaBHEHU A IPOCTPAHCTBEHHO KPUBOii, TO AJIMHA AYTH yia-
cTKa ee or ¢ = ¢, Ko t = t, paBHAa

ty
- -
= L/(Ef) *(Ei @) ¢
ty
B zagauax NeNe 2071—2076 maitTy AiMHYy AYTA KpHBOM: o

3 vi# A
2071.x=t,y=t2,'z=2_3t—o'rt=01mt=2. :

)

2072, x = 2cost, y = 2sint, z = %t ort =0 pmot=m ~usrsd

2073. x = e'cos t,y = e'sin t, z = e’ or t = 0 70 IPOU3BOJILHOTO . »
2 3

2074.y = 9?2_,2= % or x =0 g0 x = 6.

2075. x° = 3y, 2xy = 9z ot rouxku O(0; 0; 0) no Touxum M(@3; 3; 2)."
, 2

2076. y = a arcsin x = & 1n 2*% o1 rouru O(0; 0; 0) mo TOUKHU
) a 4 a-x
M(xy, Yo 20)-
2077. TonoxceHue TOUKHM AJId Mo6oro momeHTa ¢ (t > 0) onpegenserca
YPABHEHUSIMU o0 :

2 8
x=2t, y=Int, z2=¢t.

HaiiTi cpeHIOI0 CKOPOCTD ABMXKEHUA MEXKY MOMEHTAMH & = 1ut,=10.

H—: . ‘
§ 18. BexTop-pyHKIMHN CKAJAPHOrO aprymenra

1°.TIpou¥3BOAHAA BEKTOD-PYHKIUH CKANAPDHOrO apryMmenTa.
Bexmop-pynrxyusa a = a(t) MoKeT ObITH ONpeJleNieHa 1yTeM 3alaHud TpeX CKa-
nApHBIX pyHKIWMIT a (1), a y(t) u a,(t) — ee npoeKunuil Ha KOODANHATHbBIE OCH:

' a=a/ )i+ ay(t)j + a(t)k.
IIponsBojHasa BeKTOP-GYHKIUHA & = a(t) no crkanApHOMY apryMeHty t ecTb
HOBad BEKTOP-QPYHKIHNA, ONpe/iesdeMas PABEHCTBOM

da _ y;, a(t+At)—a(d) _ da,(t), , day(t)j L de®)
dt a—o0o . AL dt dt dt O
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§ 18. BexTop-OyHKIMM CKAJAPHOIO APTyMEHTa 233

Monayns DpOMZBOAHOM BEKTOD-(OYHKUUM paBeH

N 2
- ) G (G
dt dt dt/ -~
Konen nepemenHOro paguyca-seKTopa r = r(t) OMUCHIBAET B IIPOCTPAHCTEE KPUBYIO

r = x(H)i + y(t)j + 2(H)k,

da
dr

Ha3BIBAEMYIO 20002pa@oM BEKTOpa I.

IIponseoguas i TpejcTaBaAeT coboii BEKTOP, KacaTeAbHbI| K rogorpady B

COOTBETCTByIOU.IefI TOYKeEe, IIpuyeM

_ ds

d:’

dr
dt

rpe s — AJMINHA Ayrn rouorpa(ba, OTCYUTBIBaeMasa oOT HeKOTODOﬂ HavYaJILHOM TOY-

ku. B wacrsocrn, |4¥| = 1.
ds
Ecnau napamertp ¢ dr
pameTp ¢ ecTh BpeM#, TO g7 ~ v 6exmop cxopocmu xoHua Bex-
2
d’r dv
TOpa r, a :1? = §i ~ ©— 6eKxmop ycKopenus KOHUA BeKTODA T.

o]
2°.OcuoBHBEe NpaBuida JUPOEePEHIIHPOBAHUSA BEKTOD-
GYHKUIHHU CKANIAPHOTO apTYMEHTa.

DL @rbro- 2 db_de

dt  dt dt’
Z)E(ma)=md—a rae m — 7 ;
Iz i’ )i MOCTOAHHBIN CKAJAD;
d _d d
3) T (9a) = _d(j.‘, a+ (p—d:‘ , rae @(t) — crandapHas QYHKIUA OT ¢
d da db
4y — bh)= =< an.,
Vg @D = G rag

d da db
5) — xb)= == —
)dt(a ) T ><b+a><dt,

d da d
6) — t =.._-_(p“
)dt a fo(®] do dt’

da
al? = =
)a ; 0, ecan |a] = const.

Ilpumep 1. Pagnyc-BeKTOp ABMKYIIEHCA TOUKH B n060ii MOMeHT BpeMe-
HHY 38J]aH YpaBHEHUEM

s 2, 2
r=i-4t"j + 3tk. 1)

OnpeneJme TPAeKTOPHUIO ABMIKEHHA, CKOPDOCTh N YCKOPEHHEe NBV)KEHUHA.

Pemenue. U3 ypasuenusa (1) umeem:

x =1, y=—4t2, z = 3¢5

Mckirouaa BpeMd ¢, HAXOAMM, YTO TPACKTOPHA ABIKEHHA €CTh MpAMasd

x-1 _y _2
0 -4 3’
Us ypasaerus (1), anddepeHOupys, HAXOAUM CKOPOCTh ABUKECHUA
dr . ‘
=2 = -8tj + 6tk
az )

Hu ycxope}me ABUXXEHUuA
d%r .
- - = -8j + 6k.
dat )

CKopocTh paBHa

dr| — J—81)%+(6t)® = 10Jt].
i
OTMeTHM, YTO YCKOPEHHe MOCTOAHHO M PaBHO
2
d_'_; - J(-8)2+6% = 10.
dt

2078. IlokasaTh, 4TO BEKTOpHOE ypaBHeHue r — r, = (r, — r))t, rae r,
W I, — PajiuyChbl-BEKTOPBI IBYX JAHHBIX TOUEK, ABJIAETCH ypaBHEHUEM
NPsSAMOii.
2079. OnpeaenuTh, KaKue JMHUK ABJIAIOTCA rogorpadaMi clenyro-
HUX BeKTOP-GyHKINH:
a)r = at + ¢;
6)r = at” + bt;
B)r =acost + bsint;
r)r=acht+bsht,
rae a, b u ¢ — NOCTOAHHBLIE BEKTOPbI, NPHYEM BEKTOPEL & 1 b mepnen-
AUKYJISAPHBI ADYT APYTY.
. 0
2080. HaiiTu [IPOM3BOLHY O BEKTOP-GYHKIMIO OT QYHKIIAK a(t)=a(t)a (t),
rae a(t) — ckansapHad QyHKIUA, & ao(t) — eJMHWYHBIA BEKTOp, B CJIy-
yasx, KOrAa BexTop a(t) usmensercs: 1) TOJBKO MO AJIMHE, 2) TOJIBKO II0
HaIpaBJIeHUIo, 3) 10 AJUHE U [I0 HAIIPABJIEHUIO (o6mmit cayyaii). Beiac-
HUTh F€OMETPHYECKUH CMBICH MOJIYYEHHbIX Pe3yJbTaToB.
2081. IToabsyAack npaBuiaMu JuddepeHIEPOBAHNA BeKTOp-PYHK-
MM [0 CKAJAPHOMY apryMeHTY, BBIBECTH dopmyny ana auddepennu-
pOBaHMs CMEIIAHHOIO NPOU3BEJIEHUA TPexX BeKTOp-PyHKUM a, b u ¢.
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§ 19. EcrecTBeHHBI TPEXI'DAHHUK TIPOCTPAHCTBEHHOH KPHBOH 235

2082. Haiitu npou3BOAHYIO 10 TapaMeTpy ¢ o0'beMa HapaJiiesaenue-
Ja, IOCTPOEHHOTO Ha TPeX BeKTopax:

a=1i+tj+ t’k;
b = 2ti — j + t°k;
c=-tfi+ % + k.
2083. YpaBHeHUe ABUMKEHUSA
r=3icost + 4jsint,

Il

rge t — BpemdA. OnpeAeNTh TPAEKTOPHUIO ABHMKEHNAA, CKOPOCTh U YCKO-
peHue ABMKeHUA. [[OCTPOHTHL TPAEKTOPUIO [BHIKEHUA M BEKTOPHI CKO-
POCTH U YCKOpPeHHuA JJisd MOMeHTOB t = 0, t = g ut= g

2084. YpapHeHUe ABMIKEHUSA
r = 2icost + 2jsin t + 3kt.

OnpenenuTs TPAEKTOPUIO ABMKEHNUA, CKOPOCTh K YCKOPEHHEe JBHKeHM.
Yemy paBHBI CKOPOCTE M YCKOPEHHE IBUKEHHA M KAKOBLI UX HATPaBJIe-

HUSA NJisi MOMeHTOB t = Q u t = 72—t?

2085. YpaBHeHHe ABHKEHUS
r = icos o cos Wt + jsin o cos ot + k sin wt,

rje ol ¥ (» — INOCTOAHHEIE, { — BpeMsi. OnpenenuTh TPaeKTOPHIO ABHKE-
HUS, CKOPOCTh U YCKOPEHUE [BMXKEHHUS M WX HalpaBJIeHUS,

2086. YpaBHeHue JBUKEeHUA cHapAga (6e3 yueTa cCOPOTUBIEHUA BO3-
Ayxa)

2
t
r=v0t—52—-k,

rae vo{vg,. Vg, Vo, — HavalbHasA CKOpocTh. HaliTi cKopocTh M ycKope-

HUe cHapaAia B J100H MOMEHT BPEMEHH.

2
2087. [JoxazaTk, 4TO €CJAY TOYKA ABHIKETCA Imo mapabose y = X,
a

z = 0 TakuM 06pa3oM, UTO NPOEKIHA CKOpocTH Ha ock OX ocraercsd mo-

. (dx
CTOSTHHOM ('J{ = const) , TO M YCKOPEHHEe TOYKM OCTAeTCHA IMOCTOSAHHBIM.

2088. Touka, HaxoffAHlasicd HAa Hape3Ke BMHTA, 3aBUHYMBAEMOro B
6ayIKy, ONIMCHIBAET BUHTOBYIO JIMHUIO

x=acos0, y=asinb, z = ho,

rae O — yroJ noBOpoTa BUHTA, @ — PAJUyC BUHTA, a i — BBICOTA oA beMa
IpH IOBOPOTE HA OAWH paguaH. OnpefesuTs CKOPOCTh ABUIKEHUSA TOUKHA.

2089. HaiiTu cKOpPOCTH TOUKH Ha OKPYIKHOCTH K0JIeca pajuyca d, Bpa-
LIAJOIIErocs ¢ IOCTOSAHHOM YIJIOBOH CKOPOCTBIO (0 TAK, YTO €ro LIEHTP Npu
3TOM ABHKETCS NPAMOTUHEHHO € HOCTOAHHOM CKOPOCTBIO V.

§ 19. EcrecTBeHHBIH TPeXIPDaHHHK NMPOCTPAHCTBEHHON KPHUBOH

Bo Bcakoi HeocoGenHoit Touke M(x, y, 2) IPOCTPaHCTBEHHOM KpHBOuﬁ r=1r()
MOKHO TIOCTPOMTB ecnecmaerHbiil mpexzpanHuK ( mpuadp ), cocToamiui U3 Tpex
B3AKMHO NePIeHANKYIAPHBIX IIJI0CKOCTEH
(puc. 84):

b M,
1) conpuxacaoujeiica I

HOpMaJbHadA

KOCTb
M,

" dr dzl‘ . IIOCKOCTD
MM M,, copepaxaiieil BeKTOpbI I H—; (m

IIJTOCKOCTH B
CnpAMIAI A

dt g
2) nopmanvhoil miockoctn MM ,M,,

conpuKacawmanacs

. dr
NepIeHAUKYAAPHOH BEKTOPY (_1?; conpmxaca
3) cnpamnawweil nnockocTy M MM,

nepueHauKyNApHO# ABYM IEPBBIM ILJIOC- Puc. 84.

KOCTAM.
B nepeceuyenuy MOJYyIalOTCH TPU IPAMBIE: 1) kacamenvrnas MM ,; 2) eraenas

Hopmans MM ,; 3) 6uropmany MM, onpeziesiseMbIe COOTBETCTBEHHO BEKTOPAMH:

T = % (6exmop KacamenvHoil);
dr _ d°

2)B = ar ar (6exmop GuHOpManu);
dt dt2

3) N = B x T (6exmop 221a6HOL HOPMANL).
CoOTBeTCTBYOLIME efHHUYHbIE BEKTOPEI

N -
T = 1 ; = _B_ ; V=
I'T| Bl IN|
MoryT OBITH BBIYMCIEHEI IO (hOpMyIaM
dt
dr ds _
= -3 V= _— =TXV.
& al’ P
ds

Ecnu X, Y, Z — Terkymue KOODANHATHI TOYKH KacaTeJbHOM, TO YPaBHEHHUA
KacaTenbHOH B Touke M(x, Y, 2) UMEIOT BUL
X-x _Y~-y _Z-z 1)

T, T, T, ’

rne T, = dx , Ty = T,= dz ; M3 YCJIOBHS MepIeHINKYIAPHOCTH NpA-

di dat’ dt
MOfI M OJIOCKOCTH IIoJIyyaeM ypaBHeHHe HOpMaJIbHOﬁ IIJIOCKOCTHU
TX-x)+ T -y + T, (X~ 2) = 0. 2)

Bamenss g ypasHenuax (1) u (2) T, Ty, T,ua B, By, B, uN, Ny, N,, no-
JIy4UM ypaBHeHMs GMHODMAJIM M TJIABHOH HOPMAJU M, COOTBETCTBEHHO, COUDH-
Kacalomeicd MI0CKOCTH ¥ CIPAMJIAIONIEH IJIOCKOCTH.
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Ilpumep 1. HaliTi OCHOBHBIE eAMHNYHbBIE BEKTODHL T, V H B xpusoii

B TOoukKe t =1,

TOUuKe.
Pemenne. HUmeem:

r=ti+t5 + £k

dr _. . 2

I i+ 2t + 3t°k,
2
4T _ 25 + 6tk.
de

Orcroga npu ¢t = 1 nmoayuum

dr

T =9 i .
T i+ 2j + 3k;

_ dr d%r 1jk . .
B_EXE__— 12 3| =6i-6j+ 2k;
026

ij k
N=BxT=|¢g_¢ 9| =—-22i - 16§ + 18k.
123

CnenosarennHo,

c=it2i+3k o 3i-3j+k | _ -11i-8j+9k
J14 Jig /266 '

Taxkaxnpnt=1mvxeemx=1,y=1,z=1,To

x-1 _y-1_2-1
1 2 3

~— ypaBHEHHe KacaTeJbHOH,

x-1 _y-1_2-1

3 -3 1

— ypaBHeHue GuHOpMaJIH,

x-1 _y-1_2z2-1

-11 -8 9
—— YpaBHeHMe INIaBHOH HODMAJIH.
Ecnn npocrpancTeenHas KpnBasA safaHa KaK IepecedeHue ABYX IOBEPXHOCTER!

F(x,y,2)=0, G(x,y, 2)=0,

Hanucare ypaBHeHMA KacaTenbHOM, TIABHON HOPMAIH U 6rHODMAaIK B 9TOM

§ 19. EcrecrBeHHBIH TPEXTPAHHUK IIPOCTPAHCTBEHHOI KPUBOM 237
dr _ d’r’
TO BMECTO BEKTODOB I H — MOXHO 6parps Bextopwl dr{dx, dy, dz} m
dt

dzr{dzx, dzy, dzz}, [IpUYeM OXHY U3 IEePEeMEHHBIX X, Y, 2 MOKHO CUMTATh He3a-
BUCUMOH ¥ IHOJAraTh ee BTOpoi AuddepeHnHal PABHBIM HYJIO.

IIpumep 2. Hanmucars ypaBHeHNe conpuKacawuieiica IJI0CKOCTH OKPYH¢
HOCTH

2 2 2
Xty +2=6,x+y+2z=0 3)

B Touke ee M(1; 1; —2).

Peme = ue. [nbbepennupya cucremy (3), cautas x HE3aBHCHMOH nepe-
MeHHOMH, 6ygeM MMeTh:

xdx + ydy + 2dz = 0,
dx+dy +dz=0

u
da? + dy2 + ydzy +d2® + 2d°2 =0,
d’y +d’z=0.
Tonaraa x = 1, y = 1, z = —2, mony4mum:
dy = —dx; dz = 0;
dzy = —g dx?; d%z = :2§ da?.

Cief0BaTeIbHO, CONPUKACAIOIIAACA IJIOCKOCTh ONPeAeIAeTcs BeKTOpaAMH
{dx, —dx, 0} u {0, —gdxz, gdxz}

niIn
{1, -1, 0} u {0, -1, 1}.

OTciofa HOPMaILHEIH BEKTOD COIPHKACAIOIEHCs IIIOCKOCTH eCTh

ij k
B=|j_10|=-i-i-k
0-11

U, CJeloBaTeJbHO, €¢ ypDaBHEHHE
“x-1)-@-1)-(+2)=0,

T. €.
x+y+tz=0,

YTO U JOJHXKHO ObLITh, TAK KaK Hallla KpuBasd pacioJjioKeHa B ‘3’1‘01‘:1 IIJIOCKOCTH.

2090. HaiiTu oCHOBHBIE €IMHUYHBIE BEKTOPHI T, V, B KpuBoid
x=1—-cost, y=-sint, 2=t

B TOUKe t = g
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2091. Hajiti equHHNYHLIE BEKTOPLI KACATEJbHOH U INIaBHOH HOPMAaJIK
KOHUYECKHUIH CIHpa

t. .o
=e(icost + jsint + k)
B IIPOMBBOJIbHOI TouKe. OmpenesuTh YIJIbl, COCTABJIAEMbIE 9TUMM IIPA-

MBIMH ¢ ocbio OZ.
2092. HaiiTi 0CHOBHBIE eIMHUYHLIE BEKTODPH T, V,  KprBoil

y=x2, z=2x

B TOUKe x = 2. ,
2093. s BUHTOBOM JUHUU

x=acost, y=asint, z=>bt

HAIMCATL YPABHEHHA NPSAMBIX, COCTABIAIOINIKUX pedpa ecTecTBEHHOIO
TPeXTPAaHHMKA B IPOU3BOJILHOM ToUKe NuHAK. ONpeieIuTh HAIIPABJIAIO-
e KOCHHYChl KacaTeJbHOH ¥ ITaBHOH HODMaJu.

2094. Hanucats ypaBHEHHA IIJIOCKOCTeH, 00pa3yloliuX eCTeCTBEH-
HBII TPEXT'PAHHUK KPHMBOU

x2+y2+22=‘6, x2—y2+22=4
B Touke ee M(1; 1; 2).

2095. CocTaBUThL yPAaBHEHUA KacCATEJIbHOI, HOPMAJILHOH NJIOCKOCTH
H CONPHUKACAIOLIEHCH JIOCKOCTA KPUBOH

x=1t, y= tz, z = t° B TouKe M(2; 4; 8).

2096. CocTaBuTh ypaBHEHUA KacaTejJbHOIH, HOPMAJLHOU IJIOCKOCTH
¥ CONPHKACAIONIEHCcsa NJIOCKOCTH KPHUBOIl

* ¢

1’ y= 3
Haitti ToOuKHM, B KOTOPHIX KacaTeJbHas K 3Toi KpuBoil Oyjger mapaui-
JeabHa miocKkoct x + 3y + 2z — 10 = 0.

2097. CocTaBuTh ypaBHEHHUS KacaTeJbHOI, COIpHKacarmeiica nioc-
KOCTH, I'VIABHOU HOPMAJIHX X OMHOPMAJIM KPHUBOI

X = 2 =

2
> -

x=t1 y=—t’ z=§

B TouKe ¢t = 2. BLIYMCINTE HATIPABIAIOIIHME KOCUHYCHI GMTHOPMAJIN B 9TOH
TOUYKE.

2098. Hanucats ypaBHEHUS KAcaTeJNbHON ¥ HOPMAJbLHOH MIOCKOCTH
K CJEOYIOIIUM KPUBBIM:

a)x=Rcos2t, y=Rsintcost, z=Rsint mput= ;X

>

6)z = x2 +y2, x = y B Touke (1; 1; 2).

B)x2+y2+22=25,x+2=5BT0‘{Ke(2;2«/§;3)-

§ 20. KpuBusna u Kpy4ueHue IIPOCTPAHCTBEHHOM KpUBOH 239

T
\‘

) . 2 2

7 2099. HaitTu ypaBHeHNe HOPMAJILHON IJIOCKOCTH K KpUBO# 2 = X" — Y,
Yy = x B HayaJile KOOPJUHAT.

2100. HaiiTu ypaBHeHHE COIpHKAacamolleiics NIOCKOCTH K KpPIBOK

x=e,y‘=e t 2=1tJ2 B TOUKE t = O.
2101. HaiiTi ypaBHEHHs COLPHKACAIONIEHCH IIJIOCKOCTH K KPHUBBIM!:
a)x2+y2+22=9 xz—y2=3BToqRe(2; 1; 2);
6) x 4y, = 242 B 'romce (6; 9; 9);
B) 2+ 22 =d y + 2% = b® B ;060 TOUKE KpuBOH (xo, Yo 0)

2102. CocTaBUTh YPaBHEHMA CONPUKACAIOIEHCA IIJIOCKOCTH, IrJIaBHOM
HOpPMAaJ K GMHOPMaJIM K KPUBOH

2 2
y = x, x" =z B rouke (1; 1; 1).

2103. CocTaBUTh YPAaBHEHHA CONPHKACAIONIENCA NIOCKOCTH, IJaB-
HOli HopMaJ/y U OHHOPMAJHM K KOHMYEeCKOW BUHTOBOM JIMHKUHK X =t COS {,
y = tsint, z = bt B Hauase KoopausHat. HailTu efMHUIHbBIE BEKTOPHI Ka-
caTeJbHOIL, IJIaBHOM HOpMAaJu ¥ 6MHOPMAJM B HaYaje KOOpAWHAT.

3
§ 20. Kpusu3Ha M KpyyeHHe IPOCTPAHCTBEHHOH KPHMBOIM

1°. Kpueuaua. Ilog kpususnoil KpuBoit B Touke M IOHMMAeTCA TUCJIO

1
K== = lim .(£

R As— 0 AS 3
rie ¢ — yToJI IOBOPOTa KacaTeJbHOH (y2on cMercHoCmU) Ha yIacTKe KpuBoi wMN,
AS — JTWHA JYTHM 9TOr0 YyIacTKa kpuboil. R HasbiBaerca paduycom KpUSU3HbL.

Ecnm KpuBas 3a7aHa ypaBHeHHeM r = r(s), rie s — AJHHA AYTH, TO

1 _|d’r
R ds?
Ilns cryuas obIero napaMeTpPUYECKOro 3aaHusA KPHBOH NMeeM
dr (d’r d’r
r- ——dt dt | (1)
R Tap
dt

2°. Kpyuenue. Ilon kpyueruem (6mopoilt xpusu3noil) KPUBOH B TOUKE
M momMMaeTcA YHCJIO

1 : 0
T=-= lim -,
: p Asl—'O As
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k.

§ 20. KpuBusHa 1 KpyueHHUe IPOCTPARHCTBEHHOM KPHUBOIl 241

N

rae 0 — yroJ nosopora 6uBrOpMany (Y20 CMeHCHOCMU 8MOPO2ZO Poda) HA y‘éacnce
KpUBO#H v MN. Beruuuna p Ha3bIBaeTCA paduycom KpyieHus uan paduycom 6 mo-
poit kpueusrnwvi. Eciu r = r(s), To

dr d’r d’r
_ds g5% gs°

0

rae 3HaK MNUHYC 6epeTca B TOM CJiy4yae, KOTa BEKTODbI (cll—ﬁ HVHMEIT OfUHaAKOBOE
s

= 7|48
ds

HanpasJieHHe, ¥ 3HAK ILJIIOC — B IIDOTHBOMOJIOXKHOM CJydYae.
Ecnu r = r(t), rae ¢ — NpoU3BOJBHLIN MApAMETP, TO
2 .3
drdrd'r
dt g4 q¢®

1_ 70 de” de”
5 -
P [dr, d'
dt dt2

IIpumep 1. HaiiTn KpUBU3HY ¥ KpydYeHHEe BHHTOBOH JIMHHUHU
r =iacost + jasint + kbt (a > 0).
Pemenue. Hmeem:

(2)

dr .. .
i = —iasint + jacost + kb,
d2r
— = —ia cost — jasint,
d¢
d®r e .
EF = -lasint — ja cos t.
Orcrona
dr d i j k 2
O ? —asint acost b| =iabsint — jabcost + a’k
—acost ~asint 0
n N
dr d2r d°r —asint acost b
ad_tiﬁ = | —acost -asint0| =ab.

asint -—acost 0

CrnepoBaresnsHo, Ha ocHOBaHMH (Popmya (1) u (2) noayunm

) a«/a2+b2 _ a

R T2
a®+b?

3,2
R (a bz)
1_ &%  _ b
P a*@®+b%  a’+b? ’

T. €. JJIA BUHTOBOH JIMHUK KPHMBHU3HA ¥ KpPpydYeHHE IIOCTOAHHBI.

3°.\§I30pmyﬂm dpeHe

dt _v dv__1 B dB__v
p  ds p’

ds R’ ds R
2104. Joxaszarb, YTO €CJM KPHBHU3HA BO BCEX TOUKaX JHHUHU paBHa

HYJIIO, TO JIUHUSA — IIpsAMad.
2105. [loxasaTs, 4YTO €CJIM KpyYeHHe BO BCEX TOYKaX KpHUBOH paBHO

HYJIIO, TO KpyUBad — IJIOCKadA.
2106. ITokasaTh, YTO KpUBas

—1+38t+ 2% y=2-2t+5¢t% z=1-1¢

— NJIOCKas; HAHTH MJIOCKOCTH, B KOTOPOM OHA JIEXKHT.
2107. BeIuuciauTh KPUBU3HY JIMHMIMA:
a)x cost y—sint, z=chtuput = 0;
2
6)x y+z 1, y¥° - 2x + z = 0 B Touxe (1; 1; 1).
2108. Beruucaurs KpHBHBHy " prqe}me B J11060# TOYKe KPUBBIX:
a)x=e cost,y=e smt,z=e,
6) x =acht,y=asht, z=at (¢unepboruieckas 6UHMOBAR LU
HUA).
2109. Haiitu pagnychi KPUBU3HLI ¥ KDYYEeHNUH B NPOU3BOJILHOHM TOYKE
(x, y, z) TUHHAI:
2 3 2
a)x = 2ay, x° = 6a’z;
3 2 2
6)x” =3py, 2xz=p".
2110. MoxaszaTh, 4TO TAHIeHIMAIbHAA ¥ HOPMAJIbHAA COCTaBJIAIOLe
BEKTOPa YCKOPEHHUSA W Bpra)KaIOTCH dopmynamMn :
2
dv _ v
WT = EET, Wv - EV,
rie v — CKOpOCTb, R — pajamyc KpUBH3HBI TPAaeKTOPHH, T U V — €[H-
HUYHBIE BEKTOPH! KAacaTeJIbHOH U INIABHOW HOPMAJIM K KPUBOH.
2111. ITo BUHTOBOI JIUHUK I = ia cos t + ja sin ¢ + btk gBmxKeTCA paB-
HOMEPHO TOYKa CO CKOPOCTBIO U. BrlunciauTe ee yCKopeHue w.
2112. YpaBHeHHe ABHYKEHHUS €CTh

r=ti + £ + £'k.
OnpeseauTs B MOMEHTHI BpemeHu § = 0 m t = 1:

1) KpUBUSHY TPAEKTOPHUH;
2) TAHTeHIUAJLHYIO ¥ HOPMAJIBHYIO COCTABJIAIOLINE BEKTOPa yCKODPe-

HUA ABUXKEHUA.




